Automatic Control
Exercise 1: Time domain analysis of dynamical systems
Prof. Luca Bascetta

Exercise 1

Consider the following continuous time nonlinear and time invariant dynamical system
&1(t) = 23(t) + au(t)
Lo(t) = w1 (t)z2(t) + u(t)
y(t) = Baa(t)

and assume that u(t) = u = 1.
Find « and B in such a way that at the equilibrium
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and compute the value of Zy.
Find another state equilibrium related to the same values of « and .

Solution
The equilibrium equations are
T3 +at=0
T1Zo+u =0
§=pr

Assuming Ty = 2, § = 8 and 4 = 1 we obtain

a= —:Tcg =—4
_ _ 1
21’1:71:>£L’1:7§
B=2 —8.(~2)=-16
T
We can now determine the other equilibrium corresponding to & = —4 and 5 = —16
T5=4
T1To = —1
y = —167;

from this equations it follows

Ty = —2
1
=5
g=-8

Exercise 2

Consider the following continuous time linear and time invariant dynamical system

.’i?l(t> = —2.’131(t> + Oz.’l?g(t) + U(t)
l'g(t) = Ol!I?l(t) — 2%2@)
y(t) = x1(t)
Find « for which the system is asymptotically stable.
at

For o = 0 determine the value of the initial condition x(0) in such a way that the output response to u(t) = e** is
y(t) = ku(t) where k is a constant that has to be determined.



Solution

The system state matrix is

-2 «
a =2
whose characteristic polynomial is
©(\) = N2 4N+ (4 — a?)

Thanks to the necessary condition, that for second order systems is sufficient as well, the system is asymptotically
stable if

4—a*>0 = -2<a<?
For a = 0 the system equations become

a1 (t) = —21(t) + u(t)
.i‘g(t) = —21‘2(t)

It is straightforward to notice that the system response does not depend on the second state variable. In order to
compute the output we can consider the reduced system

i‘l(t) = —2x1(t) + U(t)

The output response is given by

e(a+2)7’ :| t
0

a+2

t t
y(t) = z1(0)e 2 + / e 2" qr = x1(0)e™ 2" + e_Qt/ el r = z1(0)e™ 2 fe7? {
0 0

(a+2)t 1
— 2 {xl(O) + & }

a+2 a+2
Assuming z1(0) = %H and k = (#2 we obtain
(1) = —e = kut)
= e = KU
Y a+2

Exercise 3

Given the following system of tanks

hy

k1hq
e

where A1 = A3 = 05, A2 = ]., and kl = kz = kg =1.

Find the equations of the dynamical system that describes the system of tanks.
Determine the state and output equilibria corresponding to u(t) =@ = 0.

Is the system stable, unstable or asymptotically stable?



Solution

The dynamical system that describes the system of tanks is given by

Arhy(t) = —k1hi(t)

Azhg(t) = u(t) + k1hi(t) — ksho(t) — kaha(t)
shs(t) = kaho(t)
y(t) = ksha(t)

and substituting the values of the parameters

l’l(t) = —21’1(t)

Zo(t) = x1(t) — 2x2(t) + u(t)

i‘3 (t) = 21‘2 (t)

y(t) = za(t)
The equilibrium equations are

0= —2.%1(25)
0=2Z1(t) — 2Zo(t)
0 = 2Z2(1)

The equilibrium point is thus characterized by ¥ = &1 = T2 = 0, V3.
The state matrix is

-2 0 0
1 -2 0
0 2 0

whose eigenvalues are -2, -2 and 0. The system is thus stable.

Exercise 4

Consider the following continuous time nonlinear and time invariant dynamical system

i(t) = 2%(t) — u(t)z(t) — 2u(t)
y(t) = 23 (t) +u’(t)
and assume that u(t) = a = 1.
Find the state and output equilibria and, for each of them, the linearized system.

Analyse the stability of the linearized systems and compute the response Jy(t) to an input du(t) = 0.1 cos(2t) for
t>0.

Solution
The equilibrium equations are
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and considering @ = 1
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from which we obtain
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The linearized system computed for the general equilibrium (Z, %) has the following expression

di(t) = (22 — u)dz(t) — (T + 2)du(t)
Sy(t) = 3202 (t) + 3u’du(t)

Considering now the first equilibrium we obtain

di(t) = 36x(t) — 4du(t)
dy(t) = 126z(t) + 3du(t)

and for the second one

di(t) = —38z(t) — du(t)
oy(t) = 3dz(t) + 3du(t)

The first linearized system, and the related equilibrium point, are unstable; the second linearized system, and the
related equilibrium point, are asymptotically stable.
Consider now the state trajectory of the first linearized system for du(t) = 0.1 cos(2t)

¢
Sx(t) = e¥éxg —|—/ 3= (—4)0.1 cos(27)dr
0
and assuming x(0) = Z, i.e. dzg = 0, we obtain!

¢
ox(t) = —0.4€3t/o e 37 cos(27)dr = —% (2sin(27) — 3cos(27))

Finally, the state trajectory of the second linearized system for du(t) = 0.1 cos(2t) is given by?

t t
1
Sa(t) = /0 ¢=3(=7)(Z1)0.1 cos(27)dr = —0.1e=5" A & cos(2r)dr = — = (25in(27) + Bcos(27))

The output trajectories of the two linearized system are then given by

Sy(t) = 1262(t) + 35u(t) = — (

=6 it cos(27) — 16 sin(QT))

2

and

Sy(t) = 362(t) + 30u(t) = % <cos(27') _ ;sin(Qr))

Exercise 5

Find the values « and 8 for which the system with characteristic polynomial
o(s) =8>+ as’ 4+ Bs+1

is asymptotically stable.
Plot the stability region in the (¢, 8) plain.

1Note that, using integration by parts one obtains
—37 1 37T o 3 3T o 1 37T o 3 1 3T 3 3T
e cos(27)dr = 3¢ sin(27) — 5 /e sin(27)dr = 3¢ sin(271) — 5|7 3¢ cos(27) + 5 /e cos(27)dT

and thus 1
/637 cos(27)dr = EesT (2sin(27) 4 3 cos(27))

2Note that, using integration by parts one obtains

1 3 1 3 1 3
/EST cos(27)dr = 56’3” sin(27) + 5 /6737 sin(27)dr = 56’3” sin(27) + 5 |:—§6737— cos(27) — 5 / e 37 cos(27')d7':|

and thus 1
/e’g” cos(27)dr = Ee"% (2sin(27) — 3cos(27))



Solution
We can build the Routh table

1 8 0
« 1 0
af —1
b 0
«
1

Imposing that all the elements in the first column are positive (like the first and the last one) we obtain

a>0
af—-1>0

and thus
a>0
1
B> —
«

The stability region in the (a, 8) plain is shown in Fig. 1.

Figure 1: Stability region in the («a, ) plain.

Exercise 6

Find the values « and 8 for which the system with characteristic polynomial
p(s) =8+ (B+1)s* + (B+1)s + (a — 28)

is asymptotically stable.
Plot the stability region in the («, 3) plain.

Solution
From the necessary condition we can derive the following constraints

B+1>0
a—28>0

or, equivalently
g >-1
@
< —
p 2

Fig. 2 shows these constraints in the (a, 8) plain.



Figure 2: Stability region in the («, ) plain.

We can now build the Routh table

1 B+1
B+1 a—28
B+4B8+1-a
B+1
a—20

Imposing that all the elements in the first column are positive (like the first one) we obtain

B+1>0
B+4+1—-a>0
a—28>0
and thus
8>-1
o
/3<§

B24+4B+1>a

The stability region in the (a, 8) plain is shown in Fig. 3.

Figure 3: Stability region in the («a, ) plain.



