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Motivations

Electric motors are used in many different applications, ranging from
machine tools and industrial robots to household appliances and advanced
driver assistance systems.

The motion of these motors should be appropriately controlled, starting from
the trajectory performed by the rotor.

A trajectory can be characterized by different profiles and maximum values
of velocity, acceleration and jerk, generating different effects on the
actuator, on the motion transmission system and on the mechanical load
performance and wear.

Motion planning is the activity aiming at selecting suitable velocity,
acceleration and jerk profiles.
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Profile selection criteria

Which are the guidelines to select the profile?

* low computational complexity and memory consumption
e continuity of position, velocity (and jerk) profiles

* minimize undesired effects (curvature regularity)

e accuracy (no overshoot)

We will consider two different problems:
e point-to-point motion planning

only start and goal, and motion duration are specified
 trajectory planning

a set of desired positions is specified
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Polynomial trajectories (I)

Let’s consider the point-to-point motion planning problem.

Given the initial and final conditions on position, velocity, acceleration and
jerk, and the motion duration, the easiest solution to the planning problem is
given by polynomial functions

q(t) = ap+ait +axyt* +--- +apt"

The coefficients can be determined imposing the initial and final conditions.

Increasing the order of the polynomial, the trajectory becomes smoother
and we can satisfy more initial and final conditions.

We will now consider two classical examples: 3@ and 5t order polynomials.
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Polynomial trajectories (ll)

Given the following initial and final conditions:
* Initial and final time (t; and t¢)

« initial position and velocity (g; and q;)

» final position and velocity (g and gy)

To satisfy the four boundary conditions we need at least a 3" order
polynomial

g(t) =ag+ai (t—t;)+as (t —1;)* +az (1 — ;)
Then, imposing the boundary conditions

qti)=qi qt)=q; qlty)=q5 q(tr) =4y
we obtain (T = t; — t;)

—3(qi—qr) = (24i+qs) T
T2

ap=¢q; ay=¢q;, a=

2(qi—qr) + (¢i+qy) T
T3

asz —
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Polynomial trajectories — Example
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Polynomial trajectories (lll)

In order to enforce initial conditions on the acceleration as well, we need at
least a 5t order polynomial

gt) =ao+ai (t—1;)+ar(t —t;) +a3 (t —1,)° +as (t — ;)" +as (t — 1;)
Then, imposing the boundary conditions

qt)=qi qt:)=q; Gt)=34 q(ty)=qr qtr)=qr §(tr)=dy
we obtain (T = t; — t;)

. 1
apg=¢; di1 =(; 61225611'

20 (qr —qi) — (8¢, +12¢;) T — (3¢ — i) T*

4= 273

~ 30(gi—qy) + (144, +164;) T + (34 — 24i;) T?
" 27

12(qp—qi) =6(4r+q:) T~ (Gr— i) T?
4= 275
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Polynomial trajectories — Example

ti=20s tf:1S gi = 10° qf:300 qi:Q'f:Oo/S q,-:q?f:OO/sz
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Polynomial trajectories (I1V)

An harmonic motion is characterized by an acceleration profile that is
proportional to the position profile, with opposite sign.

A generalization of the harmonic trajectory is given by

o)=L |1 —cos (ZEE) g

lf—1;
o mar—qi) . (m( 1)
4lt) = 2 (tr—1;) Sm( tr—1; )
) _EZ(Qf—Qi)COS T (t—1)
1= 2 (17 —1;)° ( Lr =i )
where

q(ti) =i, Q(ti) =0, Q(l‘f) =4y, q’v(tf) — (0

Note that the harmonic trajectory has continuous derivatives (of any order)
vt € (t;,tr).
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Polynomial trajectories — Example
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Polynomial trajectories (V)

In order to avoid discontinuities at t; and tr in the acceleration profile, we
can modify the harmonic trajectory introducing the cycloidal trajectory

00 =gy~ a) | 7=~ sosin (1) g

lr—1; Iy —1;

— (i 2T (t — ¢

q‘(t):qf d llcos( ( ))]
tf—ti tf—ti
27 —dq;) . 2T I —1;

g(t) = (qf Z) sm( ( )>
(tr —1:) i

where

qiti) =qi q(t;))=0 §(t:)=0 q(ty)=qy q(ty)=0 g(ty)=0
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Polynomial trajectories — Example
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Trapezoidal trajectories (I)

A very common way to plan the motion of a motor in industrial drives is
based on trapezoidal velocity profiles.

The trajectory is composed of a linear part, where the velocity is constant,
and two parabolic blends, where the velocity is a linear function of time.

The trajectory can be thus divided in three parts:

1. inthe first part a constant acceleration is applied, the velocity is linear
and the position a parabolic function of time

2. In the second part the acceleration is zero, the velocity is constant and
the position is a linear function of time A

3. inthe third part a constant negative q
acceleration is applied, the velocity is
linear and the position a parabolic Gol--4----- .
function of time ”

If T, =T, (T, < (ty—t;)/2) the profile is
symmetric.

7 T R I ¥
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Trapezoidal trajectories (ll)

First part (acceleration)

t € |ti,t; + T4
i) =%
i) = (1)
q(t) = qi+ 2472 (t—1,)°

Second part (constant velocity)
t € |ti+Ty,tr— Ty
G(r) =0
q(1) = gy

1,
q(t) =qi+qv (f—l‘i— f)
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Third part (deceleration)

qv
G(t) = -7,
() =7 iy 1)
q(t) =qr — Zqud (t—1)°
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Trapezoidal trajectories — Example

ti=0,tr=4s,1,=1s,q,=0° gy =30, ¢, =10°/s
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Trapezoidal trajectories (llI)

In order to correctly select the parameters of the trapezoidal profile, we
should satisfy some constraints.

Assuming that T; = T,, the velocity at time t; + T, is given by

.. dm — Ya
T —
alg T, —T,
where
qi t4q tr—t
Qa:Q'(fi‘i_Ta) qdm — 12 ! 1 = f2 :

We also have that

1.,
%:%+5%%

Using the previous relations we obtain the following constraint
GaT} — dia (tr—t;) Ta+ (gr —qi) =0

Then, integrating the velocity profile we obtain a constraint on the velocities
qr—qi=qv(ty —ti —T,)
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Trapezoidal trajectories (1V)

Given
 the distance h = qfr — q;

« thedurationT = tf — t;

We have three different ways to specify the trajectory:
1. choosing the accelerationtime T, (T, < T/2)
@

“T-1, 177,

2. choosing the acceleration (|G, | = 4|h|/T?)
_ QaT — \/QZT2 o 4Qah

4y

Ta 3 QV — QaTa
4a
3. choosing the velocity (|g,| = |h|/T)
T _ 1, .
Ta — Iy . Qa — @
qv 1,
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. . . N
Trapezoidal trajectories (V)

If we would like to select the maximum velocity and acceleration according
to the motor specifications, we have to select

Amax

e accelerationtime T, = -

Amax

« distance h = G4, (T — T,)

In this case the duration will be
h .
T — ' I dmax

Qmax Qmax
and the trajectory is described by the following equations

( .. 2)

Qi—i_%Qmax(t_ti) L <t<t;+171,
Q(t):< Qi"I_QmaxTa(t_tiZ%) ti+Ta§t<tf_Ta
Qf_%Qmax(tf_t) ff—Tagtgtf

\

These equations hold only if T, < T /2, or equivalently h > 42,4/ Gmax-
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. . . N
Trapezoidal trajectories (VI)

If h < G20/ Gmax the trajectory will not reach the maximum velocity and the
maximum acceleration.

If we would like to minimize the trajectory duration we can use a bang-bang
acceleration profile

q(t) = qur%éjm“x(t_ti)zz L<t<ti+1,
Qf_%Qmax(ff—t) tf_Tagfgtf

where the acceleration time and the trajectory duration are

and the maximum velocity is

h h

QV — QmaxTa — E — 2?

Prof. Luca Bascetta - I POLITECNICO DI MILANO




Trapezoidal trajectories (VII)

The trapezoidal velocity profile is characterized by a discontinuous
acceleration profile. As a consequence, jerk has infinite values in the
acceleration discontinuities.

This can negatively affect a mechanical system, increasing wear and
causing vibrations.

To overcome this problem we can introduce a continuous trapezoidal
acceleration profile.

The trajectory can be divided in three parts:

1. acceleration (acceleration
linearly increases until the 7
maximum value and then
linearly decreases)

2. constant velocity

3. deceleration (is symmetric to
phase 1)

- A—'m.
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Trajectory scaling (I)

Sometimes a planned trajectory need to be scaled in order to adapt to
actuator constraints.

There are two different solutions to this problem:

1. kinematic scaling, trajectory has to satisfy maximum acceleration and
maximum velocity constraints

2. dynamic scaling, trajectory has to satisfy maximum torque constraints

We will now consider the problem of kinematic scaling.

In order to scale a trajectory we need to parametrize it introducing a
normalized parameter o = o (t).

Given a trajectory q(t), from g; to g5, whose durationis T = t; — t;, the
normalized form is

q(t) = qi+ho (1)
where h = qf — q; and

t—t;
0<o(1)<1 1=—-

0<7t<1
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Trajectory scaling (II)

Considering the normalized form
q(t) = qi+ho (1)

we have
dg(t) h
dr TGI(T)
d’q(t)
az ﬁaﬁ(f)
dq(t) h
dn FG( (7

The maximum velocity, acceleration, ... values correspond to the maximum
values of functions ¢ (7).

Modifying the trajectory duration T one can satisfy the kinematic constraints.
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Trajectory scaling (Il1)

Consider a 3" order polynomial trajectory, we can introduce the parameter

(1) =ay+a1T+amt +a37

Imposing the boundary conditions
c(0)=0'(0)=0'(1)=0 o(1)=1
we obtain
ap=a; =20 a =3 azy = —2
and consequently

o(t)=37>-27 o' (1) =67 —67°
o'(1)=6—121 o"(1)=-12
Maximum velocity and acceleration are given by
3 , 3h
G;nax — GI(O.S) — 5 i Qma_x — ﬁ
6h
Glfi’llax — G”(O) — 6 :> qmax - ﬁ
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Trajectory scaling (V)

Consider a 5" order polynomial trajectory, we can introduce the parameter
o(T)=ap+a1T+at’ + 37 +astt +ast

Imposing the boundary conditions
c(0)=0'(0)=0"(0)=0 o(1)=1 o'(1)=0"(1)=0

we obtain

ap=a;1=a, =0 az = 10 as = —15 as =6
and consequently
6(1) = 107° — 157* + 67° o' (1) = 307% — 607> 4307

o’ (t) =607 —1807° — 1207°  ¢”'(1) = 60— 3607 + 3607°

Maximum velocity, acceleration and jerk are given by

15 15h

Gl — G, 0.5 = — j .ma_x = —

max ( ) 8 q 8T
1043 10v/3h

/! L !/ . o _

Opax = 0 (0.2123) = = 7 = oy

60h

G,;,’lgx = G”,(O) = 60 = qmax — F
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Trajectory scaling (V)

1
o(T)= 5 (1 —cos(mT))
consequently
T n?

o'(1) = > sin(7T) o' (1) = 7cos(7rf)

Maximum velocity, acceleration and jerk are given by

T th
cyifnuax — G,(OS) — 5 = Gmax = ﬁ
2 2

T T-h

G;;f,tax — G”(O) — 7 = Gmax = ﬁ
3 3

G,,/’,,l,ax — G”’(O-S) — 7 j Qmax — ﬁ
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A harmonic trajectory can be parameterized introducing

n3

o (1) = > sin(7T)
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Trajectory scaling (VI)

A cycloidal trajectory can be parameterized introducing

1
o(T)=7T— —sIn(2xwT
(7) = T~ 5—sin(277)

consequently
o' (1) =1—cos(2n7)
o’ (1) =2msin(277)
6" (1) = 4n* cos(2mT)

Maximum velocity, acceleration and jerk are given by

2h
o =0(05)=2 = dmax =
21h
Opar =0 (0.25) =21 = Giax = -7
4% h
GI;*,L,CUC — GW(O) — 47[2 = 49 max = ?
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Trajectory scaling — Example

Consider a trajectory with g; = 10°, g = 50°, and a motor characterized by
Gmax = 30°/s and ¢4, = 80°/s2.

Trajectory Max vel/acc Constraints Min duration
C]max — A
h
Gmax = 77 T > == 1.732
. _ 15k T > h_, s
5t deg. poly  9m = g7 240 2.5
10+/3h 10+/3h
qmax—W T > 40 = 1.699
| qu:% Tz“—gzz.o94
Harmonic . - 2.094 Faster
2 > Er s
Imex =512 =V 160
| e = 2 >0 _ 2667
Cycloidal T 3 2.667
y 21h 27h
Qmaxzﬁ T > E:1'772
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Interpolation (I)

Up to now we have considered only point-to-point trajectories. In many

practical problems, however, we would like to determine a trajectory that

goes through multiple points.

This problem can be addressed using interpolation techniques.

We are now interested to determine a trajectory that goes through a set of

points at certain time instants

q1
q?2

dn—1
dn
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Interpolation (ll)

To determine a trajectory that goes through n points we can consider a
polynomial function of ordern — 1

Q(t) :ao+alt+a2t2+...+an_1tn—1

Given a set of points t;,q; i = 1, ...,n, we can define vectors q and a, and
Vandermonde matrix T as follows

a1l [ a .
q» 1 1) . l‘g_l a
q=— —
dn—1 1 lh—1 ... Z‘::;:ll ay—2
_ 4dn _1 I e l(:;_l_ | Un—1 |
asS a consequence
a= T_lq

Caveat: matrix T is always invertible if t; > t,_, i =1, ...,n.
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Interpolation — Example

Polynomial interpolation with 4t order polvnomial
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Interpolation (lI) 31

Pro & cons of the polynomial interpolation method:
« q(t) derivatives of any order are continuous in (t4, t,;)

 increasing the number of points the condition number of matrix T
iIncreases, making the computation of the inverse an ill-conditioned
problem

For example, assuming t; = i/n,i=1,..,n

o 3]/4] 5 ] 6 | 10 | 15 | 20 _

Condition number 151 98.87 686.43 4924.37 1.519-107 4.032-10 1.139-10'°

Other methods exist to compute the coefficients of g(t), but they always
become more and more inefficient as n increases.
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Interpolation (V)

Other issues of polynomial interpolation are:

« the computational complexity of determining the coefficients increases as
n increases

« if a single point t;, g; changes we need to recompute all the coefficients

« if we add a point at the end of the trajectory t,, .1, g,,+1 We need to
increase the order of the polynomial and recompute all the coefficients

 the trajectory obtained with polynomial interpolation is usually affected by
undesired oscillations

In order to overcome these issues we can consider n — 1 polynomials of
order p (instead of just one polynomial), each one interpolating a segment
of the trajectory.

A first solution can be obtained using 3 order polynomials and imposing
position and velocity constraints for each point of the trajectory, in order to
compute the cubic polynomial between two consecutive points.
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Interpolation — Example

Polynomial interpolation with 3 order polynomial segments
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Interpolation (V)

If only the desired points are specified, we can compute the velocities using
the following relations

g1 =20
. {ka}e - sien(Ry) # sign(Rey)
Rt sign(Ry) = sign(Ry 1)
Gn =0
where
R, = dk — qk—1
e — Tk—1

IS the slope between points at t;,_; and ty.
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Interpolation — Example

Polynomial interpolation with 3 order polynomial segments
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Interpolation (VI)

As you have seen in the example, a trajectory generated with cubic
Interpolation is affected by discontinuities in the acceleration.

To overcome this problem we can still use cubic segments, but we should
specify only the position of each point and impose the continuity of position,
velocity and acceleration.

This approach leads to the so called smooth path line (spline).

Among all the interpolating functions ensuring continuity of the derivatives,
the spline is the one that has minimum curvature.

Let’s study now how to determine the coefficients of the cubic segments that
form the spline.
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Interpolation (VII)

If we consider n points we will have n — 1 cubic polynomials

q(t) = ag +ait + art* + ast>

each one characterized by 4 coefficients. We have thus to determine
4(n — 1) coefficients, imposing the following constraints:

« 2(n — 1) interpolation conditions (every cubic segment should start and
end in a trajectory point)

« n — 2 continuity conditions on the velocity of the inner points
* n — 2 continuity conditions on the accelerations of the inner points

At the end we have 4(n — 1) coefficients and only 4n — 6 constraints.

We can enforce two more constraints imposing, for example, the initial and
final velocity.

Let's summarize the problem.
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Interpolation (VIII)

We would like to determine a function

Q'(t):{Qk(t), fE[tk,fk_|_1], k= 7n_1}
where each segment is described by

qr(T) = aro+anT+apt +apt  TE 0,1
given the following constraints

70) =aqr @ (Tx) =qr1 k=1,...,n—1

Qk(Tk) ZQk+1(O) — Vi1 k= 1 ,n—2

Gx(Tx) = Gr+1(0) k=1,...,n—2

d1 (O) = Vi Qn—l(Tn—l) — Vn

where v, k = 2, ...

,n — 1 must be specified.

To solve this problem we have to determine coefficients a;,;.
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Interpolation (IX)

We start assuming velocities vy, k = 2, ...,n — 1 known.

For each cubic polynomial we have 4 boundary conditions on positions and
velocities, giving rise to the following system

qx(0) = aro = qx
Gx(0) = ap; = v
qr(Ty) = aro +an Ty + app T + aa T = qry

. 2
qk(Tk) = ax1 +2aiT; +3ai3 T} = vy
Solving this system with respect to the coefficients yields

aro = 4k
ail = Vi
1 |3 (Qk+1 — Qk)
p— —_— 2 —_
ain T, [ T, Vi — Vi+1
112 (Qk — Qk+1)
ag3 = + VetV
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Interpolation (X)

In order to compute velocities vy, k = 2, ...,n — 1 we impose n continuity
conditions on the accelerations of the intermediate points

Gx(Tk) = 2ai2 + 63Ty = 2a112 = x4 1(0) k=1,...,n—2
If we now substitute the expressions of coefficients ay,, ays, ag4+12, and
multiply by T, Ty +1/2, we obtain

T 1V + 2(Tit1 + Ti ) v 1 + Tivigo

3 2 2
— T . [Tk (Clk+2 — 6]k+1) + 1 (Clk+1 — qk)}
kLk+1
and in matrix form

_Tz 2(T1—|—T2) T; 17T Vi ) i C1 )

0 13 2(T2—|—T3) 1> %) [65)
) Z(Tn—:‘ﬁ—"Tn—Z) Th3 0 Vn.—l Cn.—?a
Th—1 2(Tn—2+Tn—l) Th—2 Vn | Cn—2

where c;, are functions of the intermediate positions and the duration of
each segment.
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Interpolation (XI)

Finally, neglecting v; and v,, that are known, we have

2 (Tl + Tz) T; _
13 2 (T2 + T3) Ib) Vo
T, 2 (Tn—3 + Tn—2) 1,3 | Vn—1
T 2(Th—2+Th—1)
i 5 [T Ma—%ﬂ+73@2—qﬂk—ﬁw¥ 7

(QH 1 —
—gn—1)+ T 1 (gn-1 —

3 2
Tn 3 Tn 2 [Tf’l
> (Gn

3
Y Y P [

Thisis asetofn — 2

gn-2) +T7 5 (qn—

Ti 75 (94— q3) + T5 (43— 92)]

2 —Y4n— 3)}
dn— 2)}
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linear equations that can be written as Av = c.
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Interpolation (XII)

We observe that

* matrix A is a diagonally dominant matrix, and is always invertible for T, >
0

* matrix A is a tridiagonal matrix, implying that numerically efficient
techniques exist (Gauss-Jordan method) to compute its inverse

« once the inverse of matrix A is known, we can compute velocities
Vs, ..., Vn_q1 as follows

v=A"l¢

We can derive a similar procedure to determine the spline using the
Intermediate accelerations instead of the intermediate velocities.
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Interpolation (XIII)

We conclude observing that the total duration of the trajectory is given by
n—1

T=)Y Ti=t,—1
k=1

In many applications one is interested to find the minimum time trajectory.

This goal can be achieved determining the segment durations T}, that
minimize T, satisfying the maximum velocity and maximum acceleration
constraints:

min 7' = Z Tx

This is a nonlinear optimization problem with linear cost function.
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Interpolation — Example

Cubic spline interpolation
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