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Organization and motivations

We complete the navigation part introducing the control
problem and control techniques for mobile robots.

The main topics on trajectory tracking are

R-0.B-0.T.- Comics

control of industrial/mobile robots
control of omnidirectional robots
canonical nonholonomic mobile robot model
trajectory tracking controller based on canonical model
exact linearization
trajectory tracking controller based on exact linearization
_ _ _ “S1T, BOY, SIT! S1T1, I SAY,
fundamental of odometric localization SI... OH, FORGET IT.
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Control of industrial and mobile robots: differences and similarities

Control of industrial robots:

e a uniqgue model to represent different industrial robots

» different, generic, well-known control approaches (1JC, computed-
torque, ...)

Control of mobile robots:

« different models for different robots characterized by different
kinematic constraints (omnidirectional, unicycle, bicycle, ...)

* no generic well-known control approach, different control approaches
customized for different kinematics
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Control of omnidirectional robots

Omnidirectional robots are not subjected to nonholonomic constraints, a generic
kinematic model and a generic control approach can be thus derived.

For an omnidirectional robot with more than 3 wheels a mapping between the chassis
velocities and the wheel velocity vector can be introduced

X
Ow=H(0) |y
0

As the robot is free to move in any direction, it can be modelled as three
Independent integrators
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Control of omnidirectional robots

Given a desired trajectory x4(t), y,(t), 6,4(t) each integrator can be controlled with a PI
plus feedforward

by = Xa(0) + K, (1a(0) —x(0) + Ky, [ (5a(7) (7)) d
vy = Ya(t) +Kp, (ya(t) = y(t)) + K, /Ot (ya(T) —¥(7))d7

ve = 0a(t) + Kn, (6a(t) — 0(1)) + K, /Ot (04(7) — 0(7))dr

Then wheel velocities can be computed applying the mapping

w=H(0)|v,

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863



—f Computing mapping H(6) for an omnidirectional robot

Let’s derive the mapping H(6) for an omnidirectional robot with four
mecanum wheels.

A mecanum wheel is characterized by a driving direction and a
free sliding direction, usually with y = +45°.

The linear velocity of the center of the wheel with respect
to the wheel frame is given by

o = v o e[ o

solving this equation

free sliding direction

driving direction

Vdrive = Vx T Vy tan(Y)
Vy

cos(¥)
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—f Computing mapping H(@) for an omnidirectional robot

If r Is the radius of the wheel, its rotational velocity is given by

o — Vdrive _ Vx + vy tan(y)
r r

To derive the full mapping H(8) we must refer v, and v,, to an
absolute reference frame

o= s ] [e) @] [ L]

A
/ T I & Yo
Converts the linear 1 X
velocity to the .
cos(6 0
wheel ffampgduces the linear . ( ) y
velocity at the — 5111(9) COS(G) 0 6 x’:
wheel wrt frame r -
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E,f Computing mapping H(@) for an omnidirectional robot

o):[l M][CO§(¢) Sin(¢)] —yw 1
r o L |=sin(9) cos(@)] [ xw O
0 0 1
cos(@) sin 0
0

()
—sin(0) cos(0)

D <. .

and evaluating

o [resin(@+7) —yweos(9+1)]"
H(8) = 0
DT m | eiate)
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A canonical simplified model for nonholonomic mobile robots

When nonholonomic constraints are introduced, the control problem becomes far more
complex, and no generic control approach exists.

We can try, however, to introduce a canonical simplified model for nonholonomic mobile
robots.

Let’s first recap the kinematic models we have already introduced.
The unicycle kinematic model

(X =vcos(0)
y=vsin(0)
0=w

N

\
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A canonical simplified model for nonholonomic mobile robots

The differential drive kinematic model

4

MR + @,

X= 5 rcos(0)
Or + @
{ V= K 5 Lrsin(@)
B Wr — @y,
T d

The rear-wheel drive bicycle
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A canonical simplified model for nonholonomic mobile robots

We already know that the unicycle and the differential drive are equivalent

4

(g + O
= chos(B)
(X =vcos(0) © —2|—a)
{ y=vsin(0) | V= K Lrsin(@)
=0 sz_ o
O=—F
setting
Wr + O, g — L,
V= =—

and for the bicycle model?
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A canonical simplified model for nonholonomic mobile robots

Assuming that the steering rate limit is so high that the steering angle can be changed
Instantaneously, we can simplify the bicycle model as

x=vcos(0)

y =vsin(0)
and setting
V=1y )] :Vtan((p)

¢
the bicycle is equivalent to the unicycle.

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




A canonical simplified model for nonholonomic mobile robots

Summarizing, the differential drive model can be reduced to the unicycle model applying
the following transformation

vtwd/2

—wd/2
o — v—wd/

W =
r r

and the bicycle model can be reduced to the unicycle model applying the following

transformation ,
<9€)
V=1v ¢ = arctan [ —
%

Under these transformations the differential drive and the bicycle are equivalent to the

unicycle, the only difference is the mapping of the control limits from the original inputs
to v and w.
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A canonical simplified model for nonholonomic mobile robots

unicycle differential drive bicycle with reverse bicycle without reverse
Wy <0 < Oy WR,, < OWr < OR,, O <0 < Oy Om <0 < Oy
Vi <V < vy @, <0 < O, Vi <V < vy 0<v<vyy
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ﬂ Formalizing a control problem using the canonical simplified model

—_—

Consider the design of the trajectory tracking controller for a differential drive robot,
using the canonical simplified model. The actuators of the differential drive are
characterized by the following limitation

|0)R|§C?) |O)L| SG_)

How should we limit the linear and angular velocity of the canonical model, in order to
be consistent with the actuator limitations?

Assuming that r is the wheel radius and d the distance between the wheel contact
points, the relations between the differential drive model and the canonical simplified
model are

using these relations the two limitations on the actuators can be rewritten as
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f Formalizing a control problem using the canonical simplified model

L™ |

1 d _ 1 d _
—v+—0 <0 —VvV——0| < ®
r 2r r 2r
These two inequalities are equivalent to
0<—-2v12"% for 0>_2 wA
— — — for — =V ro
= dv p Z 2r@/d
2 40 2
w>——v—2— for o< —-v
d " d d 2 T
2 ra 2
w> —-v—2— for o< -—v
d d d —2rw/d
w < 2 +2r(x’) for o> 2
— — —V
= 4 T d

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




Control of the canonical simplified model

We can now introduce a control law for the canonical model.
Consider a point P on the robot chassis, its absolute coordinates are

xXp X cos(B) —sin(0)] |x,
= + 17,
yp y sin(0)  cos(0) ,
and differentiating, we obtain
t] _[5] g [sin(0) —cos(6)] [x] 4t
)}P y CcOS (9) —sin (9) ;eftricteq o, th;a .
substituting the canonical model equations and solving for v and w

[v] _ 1 [xrcos(ﬂ)—yrsin(ﬂ) xrsin(9)+yrcos(9)] [)Cp]

o x, —sin(0) cos(0) yp

Yr
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Control of the canonical simplified model

Thanks to the trasformation
[v] 1 [xrcos(ﬂ)—yrsin(ﬂ) xrsin(9)+yrcos(9)] [x,p]

o x —sin(0) cos(0) yp
the canonical model can be reduced to
Xp = Vxp yp = Vyp

the same linear model we have considered for the omnidirectional robot.

Caveat: this transformation is singular when x,. = 0.
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Control of the canonical simplified model

The linear model

Xp = Vxp YP = Vyp
IS completely controllable.

It can be thus stabilized by a linear proportional controller: a proportional
controller exists

Vxp = —LBxXPp Vyp = —ByYp
that stabilizes the origin of the system in the (xp, yp) coordinates.

But there is no linear controller able to stabilize the chassis configuration in the (x, y, 8)
coordinates. This fact is embedded in a well-known theorem:

« Asystem q = G(q)u with rank(G(0)) < dim(q) cannot be stabilized to g = 0 by a
continuous time-invariant feedback control law »
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Control of the canonical simplified model

« A system q = G(q)u with rank(G(0)) < dim(q) cannot be stabilized to ¢ = 0 by a
continuous time-invariant feedback control law »

For the canonical simplified model we have

e

and the rank of G(q) is 2 for any value of 8, while the configuration has dimension 3.
The theorem applies to the canonical simplified model.

How should we interpret this result? Is the canonical simplified model controllable?
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Controllability of the canonical simplified model

To answer these questions we need to introduce a notion of controllability for nonlinear
systems.

Let’s start from the definitions.

Given atime T > 0 and a neighborhood W of an initial configuration g, we introduce
R%" (q,T) the reachable set of configurations from q at time T by feasible trajectories
remaining inside W.

The union of reachable sets at time t € (0,T] is given by
RV (q.<T)= J R"(q.,1)

0<t<T

We can now introduce a definition of controllability...
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Controllability of the canonical simplified model

Arobot is controllable from q if, for any q,,4;, there exists a control u(t) that drives the
robot from q to q 44, In finite time T.

A robot is small-time locally accessible (STLA) from gq if, for any 2 \\‘
time T > 0 and any neighborhood W, the reachable set R" (q, < T) Loq
Is a full-dimensional subset of the configuration space. ‘ "

A robot is small-time locally controllable (STLC) from q if, for any
time T > 0 and any neighborhood W, the reachable set R" (q, < T) .: r
is a neighborhood of g. R

If a system is STLC at all g, then it is controllable from any g by the patching
together of paths in neighborhoods from q to q 4,4;.
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f Controllability of a car-like robot

—_—

Let’s consider some examples:

« aforward-only caris STLA but itis not STLC, if it is confined to a tight space it cannot
reach configurations behind its initial configuration

e acar with reverse gearis STLC

In an obstacle-free environment even a forward-only car can
drive anywhere.

If there are obstacles in the plane, there may be some free-space
configurations that the forward-only car cannot reach.

Now that we know how controllability properties are defined we ey
need a way to test if a system is controllable, STLA or STLC.
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Controllability of the canonical simplified model

Given the kinematic model of a mobile robot

=Gmu=i&mmf

we can compute the accessibility distribution A4, then the system is STLA from q if
dim (A4 (q)) =dim(q) and span (U) =

If additionally

pos (U) =R" Span({vz} {Zk Vi, ki € R}

the system is STLC from q. \

pOS({Vi}) = {Zkﬂ/f, k,' Z 0}
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Controllability of the canonical simplified model

We can interpret the previous result as follows.

If the accessibility distribution is full rank (dim(A,(q)) = dim(q)), the vector fields locally
allow motion in any direction.
Then:

 ifpos(U) = R™, as for a car with reverse geatr, all vector fields can be followed
forward or backward

o ifspan(U) = R™, as for a forward-only car, some vector fields may be followed only
forward or only backward
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f Controllability of the canonical simplified model

Let’s go back again to the canonical simplified model.

The two vector fields are ) )
cos(0)
g1(q) = |sin(6)
0

and the Lie bracket

g3(q) = [g1,82](q) =

g2(q) =

 sin(0) |

0

1

—cos(0)
0

putting all these vectors together in a matrix and computing the determinant we obtain
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f Controllability of the canonical simplified model

—

cos(@) 0 sin(0)
det([gl (q) g2(q) g3 (q)D =det [sin(6) O —cos(0) — cos? (19)—|—sin2 (6)=1
0 1 0

We can thus conclude that the three vector fields are independent at all g, and the
accessiblility distribution has dimension 3.

Consider now the control sets

J J
wh /wt\ W pOS (U) _ RZ
1 \/ 1 v ‘
STLC
unicycle differential drive bicycle with reverse
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f Controllability of the canonical simplified model

—

and

wi span (U) = R?

N $

STLA

bicycle without reverse

We can thus conclude that all these robots (unicycle, differential drive, bicycle
with/without reverse) are controllable in an obstacle free plane.
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Canonical simplified model: feedback control

We can introduce three types of feedback control problems: D)
* reqgulation (stabilization of a configuration) Qgoal

- trajectory tracking \

e path tracking

A planning step is not required, but Qstart
the Cartesian trajectory of the robot
cannot be predicted

Forcing the robot to move along or close to a

trajectory planned in advanced considerably
reduces the risk of collisions
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Canonical simplified model: trajectory tracking

We consider the trajectory tracking problem.

Assume that a reference trajectory (x4 (t), y4(t), 04(t)) is available, together with a
corresponding nominal control (vd(t), a)d(t)) fort € [0,T].

Considering a reference point P on the chassis of the robot (not on the axis of the
driving wheels), we can compute its reference trajectory (xp (), Vp, (t)).

A proportional controller can be introduced to track this reference

trajectory
[Xp] [kp Ex;:d —)Cpgl
)}P kP de ypP

where kp > 0.
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Canonical simplified model: trajectory tracking

Finally, applying equation

[v] 1 [xrcos(ﬂ)—yrsin(ﬂ) xrsin(9)+yrcos(9)] [xp]
®| x —sin(0) cos(0) yp
we can convert the velocity of point P into the robot velocity.

How does the robot move under this control law?

As long as the reference point is moving, the robot chassis lines up with
the desired orientation 6.

The controller, however, can select the orientation 68, or —6,, and there
IS No way to prevent it selecting —6,; and a negative velocity.

How to fix this? ...introducing a nonlinear controller?
...or introducing a more general approach?
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Generalizing the control of the canonical simplified model

We have already seen that thanks to the transformation
vl 1 |x,cos(0)—y,sin(0) x,sin(0)+y.cos(0)| |xp
[ ] X, [ —sin(0) cos(0) ] [)?p]
the canonical model can be reduced to
Xp = Vxp yp = Vyp
a linear model composed of two independent integrators.

This transformation is an example of a more generic control tool for nonlinear systems,
that is called feedback linearization.

Feedback linearization allows to transform a nonlinear model into independent chains of
Integrators, it is thus a way to exactly linearize a nonlinear model.

We will now introduce examples of feedback linearization for classical robot models...

)
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Exact linearization of a nonlinear system: the unicycle kinematic model

We start considering the unicycle model, making reference to the y’l

motion of point P
xp=x+€cos(0)
yp=Yy+€sin(0)
and differentiating with respect to time
Xp=x—€0sin(0) =vcos(0) —€Bsin(0) = vy, | T
yp=y+€0cos(0) =vsin(0) +€Ocos(0) = vy,

We can now apply a trick to derive the change of variable.
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Exact linearization of a nonlinear system: the unicycle kinematic model

Multiplying the two equations by cos(68) / sin(#) and summing them together

ycos? (0) —ewsin (@) cos(0) = VxpCOS (0)
ysin® (0) +ewcos(0)sin(0) = Vyp Sin (0)
v = Vy,c0s(0)+vy,sin(0)

Multiplying the two equations by sin(#) / cos(8) and subtracting them together

veos (0)sin(0) —ewsin® () = Vxp Sin (0)
vsin(0)cos(0) +ewcos* (0) = Vyp €OS (0)
EW = Vy,c08(0) —vy,sin(0)
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Exact linearization of a nonlinear system: the unicycle kinematic model

Summarizing, we found the two change of coordinates

v ="Vy,c0s(0)+v,,sin(0) Xp = Vxp
o e cos(0) — vy, sin(0) VP = Vyp
B €
Uzp > . v > xT mP}
U = Uy, cos (0) 4+ vy, sin (0) Robot —)-9 zp = T + £ cos (6)
_ ' - _
Vyp > W — 'pr COS (6) = Vg p S (9) W - model Yy yp =9y + £s1n (B) yP*

L
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Exact linearization of a nonlinear system: the unicycle kinematic model

Some remarks:

* the change of coordinates has no singularities

» the change of coordinates is static

* the closed-loop system is described by two independent integrators
« an outer control loop should regulate the position of point P

* the change of coordinates is equivalent to the one introduced for the canonical model
settingy, =0and x,, = ¢

Can we use this change of coordinates to linearize the bicycle kinematic model?

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




Exact linearization of a nonlinear system: the bicycle kinematic model

Consider a simplified version of the rear-wheel drive bicycle model
x=vcos(0)

y =vsin(0)
0 = gtan (9)

We can apply a similar change of coordinates, considering that w = %tan Q.

Considering the previous linearizing law, we have
V= Vy, c0s(0)+vy,sin(0)

WE =y, cos(0) —v,,sin(0)
Let’s concentrate on the second equation
14 ~ L vy,cos(0) —vy,sin(0)

tan () = e P (cos(0) —vy,sin(8)) = € Vypc0s(0)+ vy, sin(0)
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Exact linearization of a nonlinear system: the bicycle kinematic model

Summarizing, the change of coordinates is
V= Vy,c0s(0)+vy,sin(6)
6 = arctan (E VypCOS (0) — vy, s%n(@))
E Vypc0s(0) + vy, sin (0)
and the closed-loop system is again characterized by two independent integrators
Xp = Vxp

YP = Vyp
But the change of coordinates is singular when v = 0.
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Exact linearization of the unicycle and bicycle models: an interpretation

Before studying the linearization of a dynamic model, we would like to investigate more
the exact linearization tool.

In all the examples we started from a 3D configuration space, representing robot pose,
and we end up with a reduced configuration space, representing robot position.

From a physical point of view, the model in the new coordinates describes the motion of
the robot as the motion of a particle.

This particle can move in the 2D space and it is not subjected to any constraint.

From a system theory point of view, the change of coordinates transforms a 3 order
system into a 2"d order system, it is thus a feedback that induces a loss of observability.

For a robot model the heading is no more observable from the output.
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Exact linearization of the unicycle and bicycle models: an interpretation

What are the main consequences?

 The linearizing feedback induces a hidden dynamics that can/cannot be
asymptotically stable... if it is not asymptotically stable the change of coordinates
cannot be applied

 The heading is no more observable, an outer controller cannot control the heading of
the robot

Let’s consider an example...
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f Exact linearization of the unicycle and bicycle models: an interpretation

L™ |

Consider the unicycle model linearized with respect to a point P and the change of
coordinates

X =vcos(0) V=V, €05 (0)+v,,sin(0)
y=vsin(0) o e cos (0) — vy, sin (0)
b=0w B €

The closed-loop system is described by the following dynamical system
X = vy, €08 (8) + vy, sin (8) cos (6)
Y = vy o8 (0)sin (0) + vy, sin* (9)
cos(0) — vy, sin (0)
£

o — e
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f Exact linearization of the unicycle and bicycle models: an interpretation

L™ |

We assume that P moves at constant velocity along a straight line
vy, (1) = Vpcos (6p)
) Vyp (1) = vpsin (6p)
with vp, 8p constant and vp > 0.
The equations of the closed-loop system become
x = |vpcos (6p) cos(0) + vpsin (6p) sin (0)] cos (0) = vpcos (6 — Bp) cos (0)
y = [vpcos (6p) cos (8) + vpsin (6p) sin (0)] sin(0) = vpcos (6 — Op) sin (0)
. vpsin(Bp)cos(0) —vpcos (6p)sin(0) %

_ VP . oy
O — - = 831n(9 9p)

Focusing on the unobservable state, we define A8 = 6 — 9p.
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f Exact linearization of the unicycle and bicycle models: an interpretation

L™ |

The heading dynamics can be written as Unstable Asymptotically stable
: p V4
AO = —?P sin (AQ)

and the equilibria of this nonlinear system are

e 0 =0p+ 2km, k € Z, asymptotically stable
with a basin of attraction (6, + 2(k —
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Exact linearization of a nonlinear system: the bicycle dynamic model

What about linearizing a dynamic model?
We consider the example of the bicycle model
bCrOCr — aCfOtf

U=

I ay
B_—Cfaf+crar_. af:ﬁ—}_T_S
B MV v o by

x=Vcos(y+p) T %

y=Vsin(y+pf)

As for the unicycle kinematic model we can linearize with respect to a point P that does
not belong to the vehicle.
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Exact linearization of a nonlinear system: the bicycle dynamic model

Consider a point P at a distance € from the vehicle CoG ‘\‘6
along the velocity vector ;o

xp=x+¢€cos(B+vy)

yp=y+esin(f+y)
and differentiating with respect to time

ip=si—e(B+y)sin(B+y)
=Vcos(ﬁ+l[/)—8(fi+lif) sin (8 + y)

yp=y-+e(B+v)cos(B+w)

:Vsin(ﬁ—l—l,l/)JrS(ﬁ—l—li/) cos (B + v)
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Exact linearization of a nonlinear system: the bicycle dynamic model

Introducing the sideslip dynamics

Crar+Croy Cr+C;

O0=Pp+y=— = — B+

bC, —aCf l[/ Cf 5
MV MV

174% VMV

In the previous equations
tp=Veos(B+y)—&(B-+v)sin(B+w)=Vcos(B+y)—ewsin(B+y) =

yp=Vsin(B+w)+e(B+y)cos(B+y)=Vsin(B+y)+ewcos(B+y) =
we obtain the change of coordinates

KR Rt sl [ M E

cos(f+Vy) sin(f+y)
_sin (ﬁ8+ V) cos (/3 + V)

v
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Exact linearization of a nonlinear system: the bicycle dynamic model

Finally, from the definition of w we obtain

M Cr+C, bC, —aCy \
5 MV, Gtlrg Dr—aCs ¥y
Cr Cr Cr V
Summarizing, if we apply the change of coordinates
vl | cos(B+y) sin(B+y) | [vp
ol = _Sln(ﬁ—HV) cos(B+Y) | |vp
e y
C C, bC, —aCr \
5 — M_Va) f+ "B — ary
o C,r V
the bicycle dynamic model is transformed mto two independent integrators
xp = Vyp
yp = V)’P
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Exact linearization of a nonlinear system: the bicycle dynamic model

Some remarks:

« as for the kinematic model, the linearized system represent the motion of a particle
» sideslip and yaw dynamics are hidden by the change of coordinates

* the change of coordinates is static but it is singular when V = 0

* the change of coordinates is now a function of the dynamic model parameters (M, C,
C,, a, b), there can be robustness issues
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Exact linearization of a nonlinear system: a general approach

We can now generalize the approach we have adopted for the unicycle and bicycle
kinematic model, and for the bicycle dynamic model:

1. Select a point P, not belonging to the null velocity lines, whose position represents
the controlled variable

2. Express the position of point P as a function of the configuration variables

3. Differentiate the previous expression with respect to time until the inputs of the
original model appears

4. Derive a relation between the new inputs (velocity, acceleration, jerk, snap,... of
point P) and the inputs of the original model
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Exact linearization of a nonlinear system: generic dynamic model

The generic expression of the dynamic model of a mobile robot we have introduced
q=G(q)v
v=-—M"'(q¢m(q,v)+M ' (q)G" (q)S(q)7

allows to devise a general but partial feedback linearization.

Assuming
det (G (q)S(q)) # 0
a “control availability” assumption that is often satisfied, we can select

—1
t=(G"(q)S(q)) (M(q)a+m(q,v))
where a is the new control variable. The closed-loop system is reduced to

| q=G(q)v—
integrators

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




Exact linearization of a nonlinear system: generic dynamic model

Some remarks:

e itis a general approach similar to the one used to linearize the model of a
manipulator

« as for the previous linearization of dynamic models, the linearizing law entails model
parameters, a robustness issue can arise

« if the system is unconstrained and fully actuated
G(q)=5(q) =1

T=M(q)a+m(q,v)
and it is thus equivalent to an inverse dynamics control. The linearized system is
equivalent to n decoupled double integrators
q=yv
v=a

the linearizing law reduces to
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The motion control problem

The motion control problem for a mobile robot can be formulated with respect to
e kinematic model —— Dynamic effects are handled by low level control systems or
dynamic model \ can be neglected (low velocities/accelerations)

Dynamic effects are more important in

autonomous vehicles than in mobile robotics

At least two reasons allow to go for the first option:
« dynamics can be cancelled out with a dynamic state feedback

* in the majority of the robots wheel torques cannot be accessed, as there are low level
control loops integrated in the hardware architecture, and generalized velocities are
usually the only accessible commands
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A feedback linearization based trajectory tracking controller for the canonical model

Remember that, making reference to the motion of point P
xp=x+€cos(0)
yp=y+€sin(6)

and introducing the feedback linearizing law

V= Vy,c08(0)+vy,sin(0)

o — Vyp€OS (0) — vy, sin(0) | Z

we obtain

Xp = Vy
_ kY —— The dynamics of point P is now
YP = Vyp linear and can be controlled with

Vyp €0s (0) — vy, sin(0) a linear regulator

E
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A feedback linearization based trajectory tracking controller for the canonical model

54

A simple linear controller .
P Vxp = Xp, + ki (de _xP)

Vyp = Yp, +ka (yp, — yp)

with k4, k, > 0, guarantees exponential convergence to zero of the Cartesian tracking
error with decoupled dynamics

(de —XP) + kq (de —xP) =ép. +kiep, =0

(9, —¥p) + k2 (ye, —yp) = ép, +kaep, =0
The orientation of the robot is not controlled and evolves according to

o — [de +k» (ypd —yp)] cos(6) — [de + k; (.)de —xp)] sin (6)
€
but at least at steady state the equilibrium of this system is
yp,cos(0) =ip,sin(0) = tan(0) = & = tan (0,)
XP,
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Trajectory tracking control of a mobile robot

Reduction to Canonical model
canonical model linearization

Kinematic
model

Customized
linearization

Reduction to «generic» «Generic» dynamic
dynamic model model linearization

Dynamic
model

Customized
linearization
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Odometric localization

As we already know, to control a mobile robot we need to estimate in real-time the robot
configuration at each time instant. This is called localization problem.

Consider a unicycle robot moving under the action of velocity commands v and w,
constant within each sampling interval.

In the sampling interval the robot moves along:
e an arc of circle of radius R = vy, /wy, iIf w,, #0
 aline segment, if w, =0

Assume the robot configuration at time ¢, is known, g(t;) = q,, together with the inputs
v, and wy In the interval [t ti+1)-
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Odometric localization

Using forward integration of the kinematic model with the Euler method, we can derive
the configuration q;,, at time t; 4

These relations are
Xp+1 = Xk + Vi Iscos (Qk) /

approximated as they
Vik+1 = Yk + Vi Iy sin (Qk) assume 0} constantin

Or11 = O + an T, the integration period
+1 = s

This relation is exact

where Ty, = tj 11 — tx.
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Odometric localization

A more accurate estimate can be achieved adopting the second-order Runge-Kutta
Integration method

oy T,
Xp+1 = Xk + Vi IsCcos (9k+ ’; S)

B 7 sin (0, 1 OLs
Vit1 = Yk T VilsSIn | O + 7 The average value of the

orientation in the
Oci1 = Ok + o T integration period

More complex and accurate methods can be devised.

We have now to relate our estimators to a set of available measurements, wheel
encoder measurements.
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Odometric localization

Consider, for example, the case of a differential drive robot.

If Apg, and A¢,, are the rotations of the wheels measured by the incremental encoders
during the k-th sampling interval
r r
Asj = 5 (Adg, +A¢y, ) AG, = p (Agr, — A¢y, )

The linear and angular velocities can be estimated as

Asy, A6,

I I
The method we have introduced is called odometric localization or passive |localization
or dead reckoning.

This method is subject to an error that grows over time (drift) that quickly becomes
significant over sufficiently long paths. This is due to several causes, including wheel
slippage, inaccuracy in kinematic parameters, numerical errors in the integration,...

Vk
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