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Motivations

We will start introducing the fundamentals of systems theory.

This basic knowledge will represent the ground on which we will develop
basic and advanced control theory.

The main topics we will face are:

« fundamentals of dynamical systems

» solutions and equilibrium points

* Lyapunov stability

* Linear and Time Invariant systems

» solutions and equilibrium points for LTI systems
» stability of LTI systems

» stability analysis of LTI systems

» stability of equilibria of nonlinear systems
« transfer function of a LTI system

» observability and controllability

» realization and canonical forms
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The control problem (I)

What is a control problem?

We have a control problem all the times
we would like to make a machine
behaving in a desired way.

The controller is the device that exerts
the appropriate actions on the machine,

In order to achieve the desired behavior.

The control law is the algorithm the
controller uses to determine the action
to be performed.

Let’s try to formalize...
The controller determines, at every time

Instant, the value of the control u in such a

—| Plant —=—

way that the controlled variable y is as similar as possible to its reference
y?, for every “reasonable” behavior of the reference and the disturbance d.
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The control problem (II)

How can a control system be
designed?

Open-loop control (feedforward) e id

No measured variable is used to o
compute the control variable, or Y, Controller U, Plant Y,
measured variables that do not depend
on u are used.

Closed-loop control (feedback) id

Measurements are used to compute o
the control variable, whose values Y .l controlier E4>| plant L
depend on the control variable itself. T
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The control problem (ll1)

We will start studying how a controlled system can be represented and
analyzed.

We will make reference to the tools offered by systems theory, that allow to

study the properties of physical systems irrespective of their physical
domain (mechanical, electrical, hydraulic, etc.).

We will focus on a dynamical description of the physical system as we are
Interested to describe its time evolution.
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Dynamical systems (I)

A dynamical system is a mathematical tool to represent a physical system
by way of a model
>Pla nt(

Input (u) and output (y) variables are the interfaces allowing the system to
Interact with the environment in which it operates.

Input variables u allow the environment to act on the system, affecting its
behavior.

Output variables y are measurements we can use to monitor the behavior of
the system.

The relationship between input and output variables established by the
dynamical system is a “cause and effect” relationship, it is not a relationship
iInvolving flow of mass or energy.
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Dynamical systems (ll)

Let’s consider a very simple electrical system. 7

et
Input u: the current flowing in the capacitor cL+ (v
Output y: the voltage across the capacitor

The input-output relation describing the dynamical system is

Cy(t) = u(r)
Solving the differential equation we obtain the expression of the output
t

1
(1) =y(t0) + = [ u(z)ds
o)
Conclusions:

e evenin a very simple system the input-output relation is differential (not
just an algebraic relation)

» to compute the output at time t we need the initial value of the output and
the values of the input for t > ¢,
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Dynamical systems (lll)

We call order n of the dynamical system the minimum number of initial
conditions we need, in order to compute the system output given the input

values from the initial time.

We call state of the dynamical system the smallest set of linearly
iIndependent variables (x4, x,, ..., x,,) such that the values of the members of
this set at time t,, along with a known input function, completely determine
the values of the state itself (and of the output) for all t > t,.

Let’s consider again the generic dynamical system.
From now on the input, output and state variables

u Y

—>| Plant [=—

will be vectors of dimension m, p, and n, respectively.
They will be represented, in vector notation, as follows

X1 Ui Y1
X2 us Y2
| Xn | | Um | Yp_
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Dynamical systems (IV)

Let’s consider again the input-output relation of the electrical system, we
choose the differential one

Cy(t) = u(r)
We can generalize this relation, giving rise to the general vector equation of
a dynamical system

x(t) =f(x(t),u(t),t) <  State equations
y(t) =g x(t),u(7),t) < : Output equations

where x € R"*, u € R™, y € R?, and

f1 (X1, X2, e Xy U Uy ey Uy )
f2 (X1,%2, .oy Xp, UL UD, .o U, )

f(x(2),u(r),1) =

_fn (xla-x2a"' s Xny U1, U, .. .,Mm,t)_
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Dynamical systems (V)

-gl ()Cl,)CQ,... 7xn7ulau27“'aum7t)

82 (X1,X05 ooy Xy UL, U2,y ey Uy, )
g(x(t),u(),r) =

8p (xl,xg,...,xn,ul,ug,...,um,t)_

We will now introduce some examples of dynamical systems related to
different physical domains (mechanical, electrical, hydraulic).
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Dynamical systems — Examples (I)

dv(t)
(1) =C
i(1) EP
_?L |
Input u=i - (1) = —ult
C>= |V Output y =v %1(0) Cu( )
_ State x;=v y(t) _ xl(t)
Capacitor
di(t)
t)=1L
V(1) P
L 1
| Input u=v ) — —ul(t
Lg () Output y =i %1(1) Lu( )
Inductor
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Dynamical systems — Examples (ll)

dh(t)
i\l :As
qi(1) pp
. 1
qi Input u=gq; xi(t) = —ult
l Qutput y=nh 1() As ()
;\@ Sate 5= Y(0) =x1(0)
Tank
() =420 1 ka, /O

i
v _ A 1
Input  u = g X1(1) = —k=—2+/x1(8) + —ult
h‘lgﬂi’_ Output y =h 1) As a As "
= duy  State x,=h y(t) =x1(¢)

Tank with valve
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Dynamical systems — Examples (lll)

F(t)=Mv(t)+Dv(t)+Kp(t)
K
CVVVE M | F Input u=F X1 (I) — xz(t)

Output y=p . B K D 1
o . State x; =p (1) = _Mxl (1) — sz(f) + —u(t)
P Xy =V y(t) = X1 (t)

Mass-spring-damper

-
@]

T(t) = mi*@(t) +mglsin (0(t))

Input u=r1 x1(t) = x2(¢)

Output y =46 . g 1

State x; = 6 Xa(t) = —7 sin (x1(¢)) + Wu(t)
Y2 =@ y(t) = x1(t)

my

Simple pendulum
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Dynamical systems (VI)

There are many possible ways to classify dynamical systems, let's see the
most important ones.

SISO (Single Input Single Output) —ifm=p =1
MIMQ (Multi Input Multi Output) —ifm>1orp > 1

Strictly proper — if function g does not depend on the input (i.e., g(x(t), t))
Proper — if function g depends on the input

Linear — if all the functions f; and g; are linear with respect to state and
iInput variables

Non linear — if there is at least one function f; or g; that is not linear with
respect to at least a state or an input variable

Time invariant — if functions f and g do not depend on time ¢ (i.e.,
f&x(@),u(t)) and g(x(t), u(t)))

Time varying — if there is at least one function f; or g; that depends on time
t
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Solutions and equilibrium points (l)

Given a dynamical system

X(1) =£(x(7),u(z),?)
y(t) — g(X(l),ll(l),t)
an initial condition at time ¢,

X(Zo) = X

and an input function for all t > ¢t
u(t) =ua(t) t>t

we call

» state trajectory

x(1) =f£(x(¢),a(t),1)
X(f0) = X0

e output trajectory

y(2) = g(x(z),a(r),1)

x € R"
y € R

%(t) € R

y(t) € RP
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Solutions and equilibrium points (ll)

A constant trajectory, generated by a constant input function, is called
equilibrium.

Given a time-invariant dynamical system

x(t) =f(x(t),u(t)) xceR" weR™
y(7) = g(x(7),u(?)) y € R?

and a constant input function for all t > ¢,
u(t)=ua >t

we call
o state equilibrium
X(1)=X VWt
o output equilibrium
y(t) =y Vi
The equilibria are solutions of the following equations
0=f(x,u)
y=2¢g (iaﬁ)
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Solutions and equilibrium points — Examples

B (1) = (0
W v L w0 =200 - 2ne)+ L
D y(t) =x1(1)
- 0=7% i
Mass-spring-damper — 2 1= — X =
0= K&, -Doota ~ g 270
xX1(1) = x2(t)
. g . 1
X(t) = — 7 sin (x1(2)) + Wu(t)
y(t) =x1 (1)
0=1x ‘::>0 X1 =0 X1=T
0= —mglsin(X;) + i =0 | ©»=0

Simple pendulum
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Lyapunov stability (I)

Stability theory studies how trajectories of a dynamical system change
under small perturbations of initial conditions.

We will make reference to Lyapunov stability theory and concentrate our
analysis on time invariant systems.

Given a general time invariant system

X(7) = £(x(¢),u(r))

an input function
u(t)=u(t) t>0
and two initial conditions
* X, the nominal initial condition
*  Xg, the perturbed initial condition
two trajectories are generated
* X,(t), nominal trajectory, generated by x, and u(t)
* X,(t), perturbed trajectory, generated by Xo,, and u(t)
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Lyapunov stability (II)
X, (t) is stable if

Ve>0 6 >0 s.t.

VX, : ||x0p —Xo,|| <0 = ||X,(1) = x,(1)|| <€ VE>0

7] . mn(t)

The trajectory generated by
perturbing the initial condition
(perturbed trajectory) remains
closed to the nominal one.

-

l
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Lyapunov stability (I11)

X, (t) is unstable if it is not stable

The trajectory generated by
perturbing the initial condition
(perturbed trajectory) get away
from the nominal one.
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Lyapunov stability (IV)

X, (t) is asymptotically stable if it is stable and

lim (%, (1) ~%,(1)[| =0 Vo, : [[x0, — X0, ]| < &

The trajectory generated by
perturbing the initial condition
(perturbed trajectory) remains
closed to the nominal one and
asymptotically tends to it.

-

l
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Lyapunov stability (V)

The previous definitions (stable, unstable, asymptotically stable) hold for
equilibria as well, as they are constant trajectories.
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Linear Time Invariant systems (l)

In LTI systems all states and output equations are linear with respect to all
state and input variables.

Functions f and g can be thus represented as linear combinations

(;fi-l (I) = da1X] (f) +a12x2(t) + .- +a-1nxn(t) +bi1uq (I) +b12u2(t) —+ .- +b1mum(t)
Xo(t) = axix1(t) +axnxa(t) + -+ axx, (t) + bayur (t) + booua(t) + - - - + bopit (1)

kxn (I) = dn1X] (t) + an2Xx? (t) + o AppXn (t) + bnlul (Z) +bn2u2(t) + - —|_bnm”m(t)

(y1(t) = crix1(t) +croxa(t) + -+ + c1pnxn (t) + drur (t) + dipua (t) + - - + dipi (2)

) va(t) = co1x1(t) +coox2(t) + - -+ conxn (t) + douy (t) + dooua(t) + - - - + dopit (t)

\yp(t) = Cn1X] (f) + C112x2(t) +--+ Cnnxn(r) + dnl Ui (t) ‘|‘dn2u2(t) + - ‘|‘dnmum(t)
and expressed in vector form as

X(t) = Ax(t) + Bu(z)

y(t) = Cx(t) +Du(z)
where x € R"*, u € R™, y € R?, and
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Linear Time Invariant systems (lI)

a, app -+ Qi by b1y -+ bim
ay az -+ ay by by -+ by
A — B —
| dp1 Ap2 ' dpn_ _bnl by - bnm_
Ci11 C12 -+ Cin diy dyp - dim
c21 €22 o+ Cop dyy dy - doy
C — D — .
Cpl Cp2 *++ Cpn| dp1 dp2 dpm |
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Linear Time Invariant systems — Example

K
AAAN - X1 (1) = x2(2)
3= Il K D 1
D = X(t) = ——x1(t) — A—4x2(t) + A_lu(t)
p
Mass-spring-damper Y(t) — X1 (t)

B
D

|
L 2- o
| I |
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. . . B O
Linear Time Invariant systems (lll)

A state variable representation of a LTI system is not unique, there are

Infinitely many representations that are equivalent from the input-output
point of view.

Consider the state space representation
X(t) = Ax(t) + Bu(z)
y(t) = Cx(t) +Du(z)
we introduce the following change of variables
R(t) = Tx(r) det(T) #0
and, thanks to the non singularity of matrix T
x(t) = T~ '%(¢)
Differentiating the equation that defines the change of variables we obtain
X(¢) = Tx(t) = TAX(t) + TBu(z)
= TAT k() + TBu(¢)

and substituting the change of variables into the output equation
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Linear Time Invariant systems (IV)

y = Cx(t) +Du(t) = CT '%(¢) + Du(¢)
Summarizing, the equations of the system in the new variables are

x(t) = AX(t) +Bu(z)
y(t) = Cx(¢t) +Du(r)

where

A=TAT ! B=TB C=CT! D=D

All the properties of a LTI system that are invariant with respect to a change
of variables are called structural properties.
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Solutions and equilibrium points (l)

Given a LTI system

X(t) = Ax(t) + Bu(z)

y(t) = Cx(t) +Du(z)

and a constant input function forall t > 0

u(/)=ua >0

state equilibria are solutions of the following equation

AX+Bu=0

If matrix A is non singular, there exists a unique state equilibrium given by

x=—A'Bu
and the output equilibrium
y=|(—CA~'B+D)

Static gain

IS

u
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Solutions and equilibrium points (ll)

Given a LTI system
X(t) = Ax(t) +Bu(t)
y(t) = Cx(t) +Du(z)
an initial condition
X(O) = X(
and an input function for all t = 0
u=u(t) t>0
the state and output trajectories are given by

A
x(t) =|eMxy | + /eA(’_T)Bu(T)d’L'
0

t
y(1) =| CeAxg | + C/ eA"YBu(1)d7t + Du(?)
0

Zero-input response Zero-state response
Generated by the initial Generated by the input only
condition only
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Solutions and equilibrium points (lI)

How can we compute the matrix exponential that appears in the system
trajectories?

Given a matrix A and a scalar t the matrix exponential is defined as

A o (AR A%? A
e —kg(’) 7l —I+AI—|-2—!‘|—T—|—...
From the definition we can compute the derivative of the matrix exponential
d g, A%t A3
—e" =0+A+2—+4+3——
TR TR TR
A%t?
= A (I—I—At—i—T—l—...)
— AeAt

Another interesting property of the matrix exponential...
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Solutions and equilibrium points (I1V)

Assume that A is a diagonalizable matrix
3T, det(T) #0 : A =TAT ! =diag(L,...,4,)
Then 2

Al — T AT _y o 1AT L T IATT™ 1AT2'+

] 2 _
— 71! 1+Ar+7+ T

— T lAT = ‘dlag( Mt ...,e)‘”‘)T
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Stability of LTI systems ()

Given a LTI system
X(1) = Ax(t) + Bu(t)
an input function
u(¢)=u(t) t>0
and two initial conditions
* X, the nominal initial condition
* Xq, the perturbed initial condition

two trajectories are generated
 the nominal trajectory x, (t), generated by x, and u(t)

 the perturbed trajectory x,(t), generated by Xo,, and u(t)

Recall that x,,(t) is stable if

Ve>0 do.>0 st
VX0, : |[X0, —X0,|| < 0 = [|X,(2) = X,(2)|| <€ VE>0
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Stability of LTI systems (lI)

Defining
Ox(t) =Xp(t) — X, (1) 0Xo = X0, — X0,
The stability definition becomes

Ve>0 d6: >0 s.t.

VX, : |0xp|| < 6 = ||[ox(t)|| <€ V>0

To asses the stability we have two compute the difference between the
nominal and perturbed trajectories.

As both trajectories are solutions of the state differential equations we have

X,(t) = Ax, (1) +Bu(r)  x,(0) =x,,
X,(1) = Axp (1) +Bu(r)  x,(0) =xp,

and doing the difference, side by side, between the two equations

X,(1) = Ax,(t)+Bua(r) x,(0) = Xy,
Xp(1) = Ax,(r)+Bua(r) Xp(0) = Xy
ox(t) = Adx(1) 0x(0) = 0xo
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Stability of LTI systems (lll)

The stability of the nominal trajectory depends on the zero-input solution of
the following autonomous LTI system

ox(t) =Aox(t) 0x(0)= 0xop

Let’s draw the first conclusions, in a LTI system:

» stability analysis depends on the zero-input solution of an autonomous
system

» stability does not depend on the input function u(t)
» stability depends only on the state matrix A

» the result of stability analysis is independent of the chosen nominal
trajectory

» the trajectories are all stable, all unstable or all asymptotically stable
» stability is a property of the system
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Stability of LTI systems (IV)

The solution (zero-input trajectory) of the autonomous LTI system
ox(t) = Aox(t) 0x(0)= 0xq

IS
5x(t) = e 8x

The stability of the LTI system depends on these trajectories, and,
Interpreting the Lyapunov stability definition, we can say that the system is

« stable if all the zero-input trajectories are bounded

« asymptotically stable if all the zero-input trajectories are bounded and
tend asymptotically to zero

« unstable if at least one of the zero-input trajectories is not bounded

Assuming that the state matrix A is diagonalizable, we can introduce a
change of variables that decouples the trajectories and simplifies the
computation of the matrix exponential

IT, det(T) #0 : A =TAT ! =diag(Li,...,A,)
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Stability of LTI systems (V)

The trajectories are given by
—14
Sx(1) =eMéxg =el AT'8x

— T 1A Toxg =T~ 1dlag( Mt ...,e)“”t) Téxg

We conclude that the zero-input trajectories are linear combinations of the
terms
ell‘t

that we call characteristic modes or natural modes of the LTI system.

Let’'s analyze these terms, assuming thatA; e C(4; = a; +jf;)
Mt = e%lelPit — o% (cos (Bit) +jsin (Bit))
making the linear combination, the imaginary part is cancelled out by the
Imaginary part of the complex conjugate of A1;.
As a consequence we have
« etit when1; € R
o e%tcos(B;t + ¢;) when A; € C
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Stability of LTI systems (VI)

The analysis of the two modes e%it and e cos(f;t) reveals that:

« if all the eigenvalues of matrix A lie in the open left half plane (a; < 0), all
the modes are bounded and tend to zero asymptotically; modes tend
monotonically to zero if 8; = 0, otherwise they exhibit damped
oscillations

« if all the eigenvalues of matrix A lie in the closed left half plane (a; < 0),
and there is at least one eigenvalue on the imaginary axis (a; = 0), all
the modes are bounded but the modes associated to the eigenvalues on
the imaginary axis do not tend to zero asymptotically; they are
asymptotically constant if 5; = 0, otherwise they exhibit undamped
oscillations

» if at least one eigenvalue of matrix A lies in the open right half plane
(a; > 0), there is at least one mode that is not bounded
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Stability of LTI systems (VII)

Based on the previous analysis we can conclude that an LTI system with
diagonalizable state matrix is:

o asymptotically stable, if and only if all the eigenvalues of matrix A lie in
the open left half plane (Re(4;) < 0 Vi)

« stable, if and only if all the eigenvalues of matrix A lie in the closed left
half plane (Re(4;) < 0 Vi) and there is at least one eigenvalue on the
imaginary axis (3i: Re(4;) = 0)

» unstable, if and only if there is at least one eigenvalue of matrix A lying in
the open right half plane (3i: Re(4;) > 0)

This analysis can be extended to non diagonalizable matrices adopting the
Jordan canonical form.

In the general case of hon diagonalizable state matrices it can be shown
that, if all the eigenvalues of matrix A lie in the closed left half plane, and
there are multiple eigenvalues on the imaginary axis, the system is unstable
If there is at least one eigenvalue on the imaginary axis whose geometric
multiplicity is less than the algebraic multiplicity.

Prof. Luca Bascetta - I POLITECNICO DI MILANO




Stability of LTI systems (VIII)

We conclude showing that stability is a structural property of a LTI system.

Given a change of variables T

A~ A =TAT™!
as similar matrices share eigenvalues and geometric multiplicities of

eigenvalues, stability is invariant with respect to a change of state variables,
and it is thus a structural property of the system.
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Stability of LTI systems (IX)

Geometric vs. algebraic multiplicity of an eigenvalue, how are they defined?
How to compute them?

Algebraic multiplicity, is the multiplicity of the eigenvalue in the characteristic
equation.

Geometric multiplicity, is the number of linearly independent eigenvectors
associated to the eigenvalue.

Example
A — 0 1 ,
=10 o Eigenvalues 4, , =0

Let’s compute the eigenvectors associated to the eigenvalue 1 = 0
0 1 V1 k
Av=Av = A= [O 0] [Vzl =0 = wvw=0 = v= [O]
We conclude that the eigenvalue A = 0 has
» algebraic multiplicity 2
» geometric multiplicity 1
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Stability analysis of LTI systems ()

The stability of a LTI system is related to the eigenvalues of its state matrix,
but computing the eigenvalues is, in general, not so simple (think to big
matrices!).

We would like to investigate the existence of tools to perform the stability
analysis without computing the eigenvalues.

Let’s start observing that:
« if matrix A is triangular, the eigenvalues are the diagonal entries

* tr(A) = 0 implies that the system cannot be asymptotically stable
(remember that tr(A) = Y.iL1 4; = Xi=; Re(1}))

e tr(A) > 0 implies that the system is unstable

 det(A) = 0 implies that the system cannot be asymptotically stable
(remember that det(A) = [[i=; 4;)
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Stability analysis of LTI systems (lI)

Consider now the characteristic polynomial of matrix A
@A) =det(AI—A) = @A "+ A" '+ A" 2+ + o,

We introduce a necessary, and a necessary and sufficient condition to
conclude on the asymptotic stability of a LTI system analyzing the
coefficients of the characteristic polynomial.

Necessary condition. If the system is asymptotically stable, then all the

coefficients of the characteristic polynomial are nonzero and have the same
sign.

Example

QA=A +A%2=A+1| | oAM) =2 +22+1| |eA)=A>+A2+ 1 +1

not asymptotically not asymptotically nothing can be
stable stable concluded
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Stability analysis of LTI systems (llI)

Consider again the characteristic polynomial of matrix A
@A) =det(AI—A) = @A "+ A" '+ A" 2+ + o,

We construct a table (Routh table) with the following rules:

o first row starts with ¢,

e second row starts with ¢, P ¢

» other coefficients alternate between rows P @ 9s

* both rows should be same length %
» continue until no coefficients are left hy hy =y =
> add zero as last coefficient if necessary ki ky ki ';

e entries in a generic row are computed [ L I3

following the rule

1 hi hig
[; = ——det
ko {kl kH—l]
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Stability analysis of LTI systems (1V)

Necessary and sufficient condition. The system is asymptotically stable if
and only if all entries of the first column are nonzero and have the same
sign.

Example

P(A)=A>+4A%+51+2 R B
ki = 4det 4 9 = 4.5

1

4 |

@ —)kQZ—Zdetél_ =0
()

1
h]z——det[4 2] =2

N

-
(—
-

-

1 5 0 ki ki ko
4 2 0 : :
All entries of the first column are nonzero
45 0 and have the same sign.

2 The system Is asymptotically stable
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Stability analysis of LTI systems (V)

Why is the Routh-Hurwitz stability criterion so important if | can compute the
eigenvalues with Matlab?

Example
OA) =AY 4+2A° + A%+ A +a -
1 1
1 1 a k]:—idet 1 = 0.5
2 1 - -
k> _ Lol oal
19 — ky = 2det_2 0_—a
[
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Stability analysis of LTI systems (V)

Why is the Routh-Hurwitz stability criterion so important if | can compute the
eigenvalues with Matlab?

Example
OA) =AY 4+2A° + A%+ A +a _
1 2 1
1 1 a hy = —k—ldet ki k2] =1 —4a
2 1 0 :
ki b 2 0]
! 1 ki kp
[ = ——det =
I 1 a i hle[hl hJ“
2 I O
0.5 a The system is asymptotically stable for
— 1
l1—4a O 0<g< -
a 4
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Stability of equilibria of nonlinear systems ()

Given a nonlinear time invariant system
(1) =f£(x(z),u(r))

and a constant input function for all t > ¢,
u(f)=u t>1

assume that there exists a state equilibrium x.

How can we asses the stability of this equilibrium point?

We will exploit the stability tools for LTI systems, approximating the
nonlinear system with a local linear approximation.

Let’s first introduce the notion of linearized system...
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Stability of equilibria of nonlinear systems (ll) .

Given a nonlinear time invariant system

x(t) =f(x(t),u(t)) xcR" uwelR”
y(t) =g (x(t),u(z)) y €R?

and an equilibrium

u(t)=u x(t)=x y@it)=y Wt
We can locally approximate the nonlinear system, around the equilibrium,
with the linearized system

Ox(t) = Adx(t) +Bou(t)
Oy(t) = Cox(t) +Ddou(r)

where
ox(t) =x(t)—x ou(t)=u(t)—ua 0y(t)=y() —y

and

o
-~ Jdu

of
A= 5%

g

Jg
¢ = Ju

_g D

B

R0 R,0 .0 X0
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Stability of equilibria of nonlinear systems (lll) .

As the linearized system is a LTI system, we can assess the stability of the
equilibrium point of the nonlinear system analyzing the state matrix

A=t
Jx %,

We can state the following results:

« if all the eigenvalues of matrix A lie in the open left half plane (Re(4,;)<0),
the equilibrium point is asymptotically stable

» if at least one eigenvalue of matrix A lies in the open right half plane
(3i: Re(4;)>0), the equilibrium point is unstable

If the eigenvalues of matrix A lie in the closed left half plane and there is at
least one eigenvalue on the imaginary axis the linearization, that is a first
order approximation, is too rough to assess the stability of the equilibrium
point.
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Transfer function of a LTI system ()

Given a LTI system
X(t) = Ax(t) +Bu(t)
y(t) = Cx(t) +Du(z)

using the Laplace transform we can introduce a representation of the
system in the frequency domain.

Laplace transform

u(t) > U(s)
Differential Algebraic
equations equations

Inverse Laplace transform
y(t) < D Y (s)

Assuming zero initial conditions, the relation in the frequency domain is
called transfer function and it is given by

G(s)=C(sL,—A) 'B+D  G(s) e RP*™
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Transfer function of a LTI system (ll)

We can easily show that the transfer function is invariant with respect to
change of variables, i.e. it is a structural property of the LTI system.

Let’s introduce the following change of variables
R(t) = Tx(r) det(T) #0

The system in the new set of state variables has the following description
A=TAT ! B=TB C=CT! D=D

Computing now the transfer function
G(s)=C(sl,—A) B+D
—CT ' (sTT' —TAT ") ' TB+D
=CT ' [T(sI,—A)T'] 'TB+D
=CT 'T(sI,—A) "' T !'TB+D
=C(sI, —A)"'B+D=G(s)
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Transfer function of a LTI system (llI)

How can we compute the transfer function of a LTI system from the state
space representation?

Let’s start from the LTI system in state space form
(X1(t) = apx () +apxa(t) + - +apx,(t) +biu(t)
X2(t) = ax1x1(t) +aoxa(t) + - +agux,(t) + bou(t)

\xn(t) = dp1X] (t) + an2x2(t) + .- Jrannxn(t) + bnu(t)
y(t) =cix1(t) +caxa(t) + - -+ cuxn(t) +du(t)
transforming each equation we obtain

(sX1(s) = anXi1(s) +anXa(s)+---+aX,(s)+b1U(s)
sXo(s) = anXi(s) +anXa(s)+ -+ aXu(s) +baU(s)

X, (5) = am X1 (5) -+ anaXa(s) + -+ anXa(s) + bl (s)
Y(s) =c1X1(s) +c2Xa(s)+ -+ cnXu(s) +dU(s)
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Transfer function of a LTI system (IV)

(sX1(s) =anXi(s) +anXo(s)+---+aX,(s)+b1U(s)
sXo(s) = anXi(s) +anXa(s)+ -+ aXu(s) +baU(s)

| 5X0(5) = am X1 (s) +anXa(s) + -+ anXn(s) + b,U(s)
Y(s) =c1X1(s) +c2Xa(s)+ -+ cnXu(s) +dU(s)

Solving now this linear system we get the transfer function

co- 1
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Transfer function of a LTI system (V)

We will now analyze the structure of the transfer function.

The transfer function is a ratio of polynomials in the s variable

Numerator
/ e proper system, polynomial of order n
» strictly proper system, polynomial of order < n

Denominator
\ e polynomial of order n
* is the characteristic polynomial of matrix A

We will call
* poles, the roots of the denominator
e zeros, the roots of the numerator

The stability of the system can be assessed analyzing the poles!

Caveat: these conclusions hold only if there are no pole-zero cancellations.
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Transfer function of a LTI system (VI)

Let’s introduce two standard ways to represent a transfer function.

First, the zero-pole form
G(s) = p [L; (s +2z)
[1;(s+pj)
where

« p € RIisthe gain
« —z; € C are the zeros
 —p; € Care the poles

In order to have polynomials with real coefficients we can modify the
representation as follows

[1; (S + Zi) [1; (82 + 2625 wnzl.s + w’%zi)

[T (s+ ) T (52 + 28,0, 5+ 02, )

G(s)=p
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Transfer function of a LTI system (VII)

[1; (S + Zi) [1; (82 + 2&25 a)nzl.s + w’%zi)

Hj (S+pj) Hj (S2 —|—2§pja)”pjs—|— (Df%pj)

G(s)=p

where

* Wp,, Wy, are positive real numbers called natural frequencies
J

Ezi Stpj are real numbers, with [£,| < 1, called damping factors

Imt

They can be interpreted as follows

e Re(—p;) = —Epl,a)npi X tiwny/1—&2

* Im(—p;) = wnpl, /1 - 5}%1

LY P
v
o

I

:

I

: ﬂ-",:’*

I : >
I

I

I

I

I

—Ewn! Re

£ = cos (o)

£

xﬂ‘
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Transfer function of a LTI system (VIlI)

A second form is the gain-time constant form
(1457
§8 HJ (1 -+ STJ)

where

« u € Risthe gain

o g € Zis the type (number of poles/zeros in s = 0)
o 1; € C are the zero time constants

* T; € Care the pole time constants

In order to have polynomials with real coefficients we can modify the
representation as follows

.. 2
o TLOsa)I (142505 )

G(s) = 2

: 2
IT; (1+sT)TI; (1 g w‘fgp_)
J
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. B O
Transfer function of a LTI system (IX)

Hz(l +STi)Hi (1 —|—2C§j;ls—'— §2 )

Z wf%z-
G(s) = & 5 i
\) ; 2

IT; (1+sT)TI; (1 +2w:;j s+ wf?pj )

If g = 0 (no poles/zeros in s = 0) then
u = lim G(s) = G(0) = —CA 'B+D =y
S—

and the gain of the transfer function is equal to the system static gain.
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Transfer function of a LTI system — Examples (1)

Step response of first order systems

Y
Im
u
G(s) = x
(S) 1_|_ST _% Re
T >0
Y
Im L
T
G(s) = p—
S) = X—
ul—l—sT _% Re
T >0
T >0
t

POLITECNICO DI MILANO
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Transfer function of a LTI system — Examples (ll)

Step response of second order systems

1
G —
) = Tm (115D
o8
Gls) = Ju52+2§a)nsr+ ®?

1 _ 1]  Re
T T
> Tl T, >0
Im
X, Jwn /1= €2
| wn
i a}"\
*fwné Re
>E< & =cos(a)
>0
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Observability and controllability (I)

Up to now we haven’t considered pole-zero cancellations that can occur
during the computation of the transfer function from the state space
matrices.

Let’s see two examples.

fC] = —2)6-1

. 3(s+2) 3
X» = Xx1—x2+u = G(S):..':(s+2)(s+l):s+l
y = 2x1+3x

X1 = —X1+tx2+u

. s+ 1 |

y = X2

In both examples the order of the denominator is less than the order of the
state space representation: there are eigenvalues of matrix A that are not
poles of the transfer function.

The poles that have been canceled out form the hidden dynamics.
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Observability and controllability (II)

We can formalize the fact that there are parts of the system that do not
appear in the input-output relation introducing the notions of observability
and controllability.

A LTI system is completely controllable if we can find an input function that,
In finite time, can move the state of the system from the origin of the state
space to any point in R™.

A LTI system is completely observable if for any initial condition in R™ the
zero-input response of the system output, on any finite time interval, is
different from a zero output.

If a LTI system is not completely controllable and not completely
observable, it means that the system has a part that is observable but not
controllable, another that is controllable but not observable, etc.

We can always find a change of variables that puts the system in a
canonical form (Kalman canonical form) that separates and shows the
different parts.

Prof. Luca Bascetta - I POLITECNICO DI MILANO




Observability and controllability (1)

Here is the results of the Kalman canonical decomposition

u

> CO

> y)

l
Srgrglﬁ

The only block that appears in the path from input u to output y is the
completely controllable and observable part.

The transfer function is thus the image of only the completely controllable
and observable part of the system.
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Observability and controllability (IV)

How can we assess the observability/controllability of a LTI system?

We introduce the controllability matrix K, (K, € R"*"™M)
K.=|B AB A°B .- A" B

and the observability matrix K, (K, € R™*"P)

K,=|CT ATCT AT’CT ... AT"'C7|
A LTI system is completely controllable if and only if rank(K,) = n.

A LTI system is completely observable if and only if rank(K,) = n.

If the system is single input (single output) the controllability (observability)
condition is equivalent to verify that K. (K,) is a non-singular matrix.
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Observability and controllability — Examples (1) .

Example 1
X] — —2)6-1
. 3(s+2) 3
X2 = Xx1—x2+u = G(S):..':(s+2)(s+l):s+l
y = 2x1+3x

1 —1 controllable

K, — [B AB} _ [O 0 ] N det(KC) —0 not completely

2 —1

K,=[C' ATCT}:L 5

completely
] = det(Ko) # 0 observable

The system is composed of two parts: one is completely observable and
controllable, another one is completely observable but it is not completely
controllable.
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Observability and controllability — Examples (ll) .

Example 2

X1 = —Xx1+x2+u

X, = —Xx2+u = G(s)=---= SJFIIZ— 11

y = X2 (s+1) *
K.— [B AB} _ 1 0 — det(K )7&0 completely

© 1 =1 ¢ controllable

0 0 not
K,=|C" A'C'|= [1 1] = det(K,) =0 completely
- observable

The system is composed of two parts: one is completely observable and
controllable, another one is completely controllable but it is not completely
observable.
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Observability and controllability (V)

We can easily show that observability and controllability are invariant with
respect to change of variables, i.e. they are structural properties of the LTI
system.

Let’s introduce the following change of variables
R(t) = Tx(r) det(T) #0

The system in the new set of state variables has the following description
A=TAT! B=TB C=CT! D=D

Computing now the observability matrix

K,=|¢T AT€T AT¢T .. AT'E7]
T-TCT T-TATTIT-TCT T-TATTIT-TATTIT-TCT
- (TTATTIT-TATT! T TATT!) T~ CT|

[T-TCT T-TATCT T-TAT’CT ... T-TAT“CT}

=T |cT ATCT AT’CT ... AT"'CT|=TK,
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Observability and controllability (VI)

and the controllablllty matrix

- M

K.=[B AB A’B ... A" 'B]

= |TB TAT 'TB TAT 'TAT 'TB
(TAT'TAT'...TAT ') TB

=[TB TAB TA’B --- TA" 'B]

=TB AB A’B .- A" 'B|=TK,

Summarizing

K,=T 'K, K.=TK,
As matrix T is non-singular, we conclude that K, and K, (K. and K_) share
the same rank.

Conseguently the system in the new state variables is completely
observable (controllable) if and only if the original system is completely
observable (controllable).
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Realization and canonical forms ()

Realization refers to the computation of a state space model implementing a
given input-output behavior.

We observe that:
» the realization of an input-output relation has not a unique solution

» the solutions characterized by an order of the state space model equal to
the order of the denominator of the transfer function are called minimal
realizations

 minimal realizations of an input-output behavior are LTI systems
completely controllable and completely observable

We now introduce two canonical realizations.
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Realization and canonical forms (lI)

Given the transfer function of a SISO strictly proper LTI system
G(s) b,s" L 4+b, (s 4+ bys+ by
S ) =
ST+ aps" !+ a8 4 Faxs +ay

The controllable canonical form is given by the following matrices

0 | 0 0 0
0 0 | 0 0
A= ; ; : : : B=|:
0 0 0 1 0
|—a; —az; —az -+ —dy| 1
C= [bl b, bz --- bn]

The resulting model is guaranteed to be completely controllable.
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Realization and canonical forms (ll1)

Given the transfer function of a SISO strictly proper LTI system
G(s) b,s" L 4+b, (s 4+ bys+ by
S ) =
ST+ aps" !+ a8 4 Faxs +ay

The observable canonical form is given by the following matrices

_0 o --. ) —d] bl

I 0 --- 0 —a b>
A=10 1 - 0 —a3 B— |03

_O O --- 1 —day | _bn_
C=[0 0 - 0 1

The resulting model is guaranteed to be completely observable.
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Realization and canonical forms (IV)

Given a SISO strictly proper LTI system, described by matrices (A, B, C), we
have

G(s) = C (58, ~ A) 'B=G(s)" = [C(sT,~ A)'B] '

=B” (sI, —A) T T =B7 (s, - A7) ' 7
The system described by matrices
A=A" B=c' C=B’

has the same transfer function

G(s) = C (sI, —A)_lﬁ

of the original system, and is called dual system.

The original system and the dual one are two realizations of the same input-
output relation.

Caveat: The observable canonical form is the dual system of the
controllable canonical form!
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Realization and canonical forms (V)

Given a completely controllable LTI system, how can we compute the
change of variables that transforms its state space description into the
controllable canonical form?

Given (A, B), completely controllable, follow the steps:
1. compute the characteristic polynomial of matrix A

det(sI—A) =" +a,s"  ta, (574 ars+ay
2. using coefficients a;, compute (A, B)
compute the controllability matrices K, and K,
4. compute

o

T=KK '
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Realization and canonical forms — Example (1)

Given
-1 1 0 0
A=|-1 0 1 B= |0
1 0 -2 1

compute the change of variables that puts the system in controllable
canonical form.

1. compute the characteristic polynomial of matrix A

s+1 —1 0
det(sSI-A)=| 1 s —1|[=(+1)(s"+2s)+(s+2—1)=5 +3s*+3s5+1
—1 0 s+2
2. compute (A, B)
0 1 0 0
A=|10 0 1| B=|0
-1 -3 -3 1
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3.

0

K.=|B AB A°’B|= |0

4.

T=KXK '

1

0
0
1

0
1
-2

0
1
—3

1

4

compute the change of variables

1
—3
6
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Realization and canonical forms — Example (ll)

compute the controllability matrices K, and K,
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