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Organization and motivations

Now that we have introduced all the tools required to develop the kinematic model of a
general mobile robot, we would like to study how the motion of the robot is related to the
generalized forces acting on it, i.e., the dynamic model.

The main topics on dynamic modelling are
» dynamics review
» dynamic model of a mobile robot
« Lagrange formulation
 Newton-Euler formulation
« dynamic model of a unicycle and a bicycle robot
« tire, wheel and actuator modelling
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Organization and motivations

When should we adopt a dynamic instead of a kinematic model?

* to set up an accurate simulator for control system testing and validation

* to design a control system when the effects on forces acting on the system play a
relevant role
* high speed / high acceleration manoeuvers

e driving at the limit of handling
« significant mass / inertia changes
 significant load transfer

In this part we review the Lagrange and Newton-Euler modelling tools, focusing on the
dynamic models of unicycle and bicycle robots.
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Dynamics review — Elementary and virtual displacements

We start again reviewing fundamental tools of rigid-body dynamics.

The motion of a system with n DOF and subjected to holonomic bilateral (equality)

constraints is described by An elementary displacement is an actual

X=X (q (t) ,t) motion of the system in the interval
The elementary displacement in the interval (¢, t + dt) is i
ox (q,1) dx(q,1)
dx = —2" qdt —dt
X 9q qar + P

The virtual displacement at time t due to an increment dq is instead given by

3(1

A virtual displacement is an imaginary
motion of the system when constraints are
made invariant and equal to those at time ¢t
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Dynamics review — Virtual works

If the constraints are holonomic and scleronomic (time invariant)
x=x(q(r))
then §q = dq = qdt and virtual displacements coincide with elementary displacements.

If a system of forces is applied to the body, to a virtual displacement can be associated
a virtual work. As a direct consequence of Newton laws of motion

Virtual work done by Virtual work done by
inertia forces : reaction forces
Virtual work done by

active forces
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Dynamics review — Virtual works

3y + W, + 5, = 0

The equili At steady state, inertia s that the virtual work ¢ | I|.1 the case of. ntically
null on an forces are null \nt frictionless equality

oW, =0

This is known as the principle of virtual work and is the fundamental equation of statics
of a constrained system.

Denoting with ¢ the active generalized forces, the virtual work can be expressed as
SW,=¢18q=0
In the dynamic case we can distinguish active forces into

constraints

e conservative forces The work done by the force is independent of the trajectory

e non-conservative forces descr'ib-e-d by the‘ point of 'application, i.t depends.onl‘y on the
initial and final position of the point of application
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Dynamics review — Virtual works

The virtual work of conservative forces is given by

oW, = — a{;—fcm
where U(q) is the total potential energy of the system.
The virtual work of non conservative forces is expressed in the form
W = &' 8q
where ¢ is the vector of non conservative forces.

The vector of generalized forces can be thus expressed as

6-(3%)
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Dynamics review — Lagrange equations

The virtual work associated to the inertial forces can be computed from the kinetic
energy as follows

Summarizing

\SWm+6Wa:0

we obtain the Lagrange equations \
T

d (d2\" [(oL\' :
dr \ dq Jq |
L =T U
IS the Lagrangian function of the system.

where
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Dynamic model of a mobile robot

The dynamic model can be derived following a general procedure similar to the one
used for manipulators, taking into account nonholonomic constraints!

o _ Symmetric and
We start defining the Lagrangian of the system / positive definite
. . 1 . Inertia matrix
Z(q,4) =7 (q,9) % (@) = 54' B(a)a— % (q)
The Lagrange equations are Vector of reaction forces

d (02 ' 0L ! Dl \/cctor of k Lagrange
( aq ) - (3—q) - S(q) TA’}A (Q) A multipliers

dq) =

Mapping from the external Matrix representing
inputs to generalized forces n — k external inputs the k-kinematic
performing work on q constraints

dr
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Dynamic model of a mobile robot

From the Lagrange equations we obtain
B(q)4+n(q,q)=S5(q)t+A(q)A

A" (q)q=0
T T
n(q,(l) :B(Q)q—% (aiq (qTB(Q)‘I)) T (a@géq))

The kinematic constraints can be substituted with the kinematic model

V_Zgl

and the Lagrange equations can be S|mpI|f|ed multlplylng by G (q)
G" (q) (B(q)4+n(q,q)) =G" (q)S(q)7

where
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Dynamic model of a mobile robot

Differentiating the kinematic model we obtain
Ad=G(q)v+G(q)V
Pre-multiplying by ¢* (q)B(q)
G' (@)B(Q)§=G" (9)B(q)G(q)v+G' (q)B(q)G(q)¥
and introducing the model
G" (q) (B(q)§+n(q,q)) =G" (q)S(q)7
we obtain

G" (q)B(q)G(q)yHG" ()B(q)G(q)v+G' (q)n(q,q)[=G" (q)S(q) 7

M(q)=G" (q)B(q)G(q) m(q,v)=G" (q)B(q)G(q)v+G' (q)n(q,G(q)V)
and finally

M(q)v+m(q,v)=G" (q)S(q)T

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




Dynamic model of a mobile robot

M(q)v+m(q,v)=G" (q)S(q)T
where

M(q)=G"(q)B(q)G(q) m(q,v)=G" (q)B(q)G(q)v+G' (q)n(q,G(q)V)

A few remarks:
 M(q) is positive definite (remember that B(q) is always positive definite!)
« G(gq)v can be derived from the time differentiation of the kinematic model

( [9g1(q)” dgi2(q) ] " dgim(q)T
dq dq dq
Gl@v=<vi| : |+w|  |[++wm| : G(q)v
3\\ ' ’/’— See additional material A agnl (q) agnZ(q) agﬂm(q)
= L \" | for the derivation \ B aq | B aq i i aq |
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Dynamic model of a mobile robot

Let’s summarize the dynamic model equations
q=G(q)v
M(q)v+m(q,v)=G" (q)S(q)7
we can recast it into a state-space model (n + m differential equations)
q=G(q)v
v=—M""(q)m(q,v)+M ' (q)G" (q)S(q)7

Let’s use this formulation to derive the dynamic model of a unicycle robot...
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_ Dynamic model of a unicycle

The unicycle robot is characterized by
e massm
« moment of inertia I with respect to the vertical axis through
its center
The configuration of the robot is described by >
T
q=|x y 6]

The inertia matrix can be defined as

m 0 0

B(q=|(0 m O
0 0 I

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




_ Dynamic model of a unicycle

We now have to compute n(q, q)

19 e N\ (0% (q)
(q,q)B(q)qz(aq(/qB(Q)q)) +( Jq
as a -.(q.)Ts : cen(q, )=0 /

constant™ | Jreeres anaIySIS m
depend onq
Sln

0]
and
cos(0) 0
G(q)= |sin(8) O
L 0 1_
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E,f Dynamic model of a unicycle

Let’'s now put everything together, starting from the general
formulation of the dynamic model

q=G(q)v
M(q)v+m(q,v)=G' (q)S(q)T
T IS the input vector, for the unicycle model is given by
e 1, the driving force
* 1, the steering torque

S(q) maps the inputs to the generalized forces performing work on g, and is thus given

by cos(0) O]
S(q) = [sin(0) O
. O 1_
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E,f Dynamic model of a unicycle

We thus conclude

: (cos(0) O

6" @s@ -6 @G (@~ |y WO (@) ¢ - ]
and _ _
: m 0 0] [cos(6) 0O

T ~ |cos(0B) sin(0) O o Gin m 0

G (q)B(q)G(Q)—[ 0 0 1] _8 " ‘;_ | \9) (1)_ [0 1]

Finally
[0 0 —sin(0) ) —sin(0)
G(qv=4 [0 0 cos(0) [vi+0vy pG(q)v= | cos(0) | vy

[0 0 0 ) 0

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




E,f Dynamic model of a unicycle

As a consequence

- : ‘m 0 0] [—sin(0)
6" (q)B(q)G(q)v=|\%) O ‘1)] 0 m 0| | cos(8) | vivs
- o 0 7y O |
_ [mcos(8) msin(6) 0 —sin(6) o
=" o 0 I] 0030(9) ViV = 0

We can now conclude
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E,f Dynamic model of a unicycle

The dynamic model of the unicycle is
[ x| (cos(0) O
y| = |[sin(6) O [Z)]
0 0 1
'v] B {1 /m 0 ['51] _
| 0 1/1 T L

where
e 1, IS the driving force
* T, IS the steering torque

Do not use a cannon
to kill a mosquito!
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Dynamic model of a mobile robot

A few remarks on the Lagrange formulation

e itis an elegant and general tool to derive the dynamic model of a manipulator and a
mobile robot

* it opens the way to a linearization law either for manipulators and mobile robots
* the dynamic model can be further extended in order to include actuator models

« another modelling tool, based on balances of forces and torques acting on the robot
exists, as the Newton-Euler formulation for manipulators

Let’s derive the bicycle dynamic model using balances of forces and torques...
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—f Dynamic model of a bicycle

Longitudinal (V) and fBOdy—fl);ed
lateral (V},) velocities reference frame

Absolute velocity

V= V,CZ+Vy2

F.. and F, represent

traction / braking forces
Yaw rate

r=19

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria

Bicycle center of
gravity

Sideslip angle
|4

1y
Ve

Steering angle

E,. and F,_ represent
tire-ground interaction
forces

f = tan”
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_ Dynamic model of a bicycle

Let’s write the Newton equations for the translational motion of the center of mass in the
x and y directions with respect to a body-fixed reference frame

F..cos(0)—F,, sin(0)+ Fy, = Ma,

Fy,sin(8)+ F,, cos(0) + F, = Ma, "
. . v,
And the Euler equation for the rotational (A
motion (moments are referred to the Fap A N 0
V, T F
center of mass) r\., : g
FyR FyF
a-Fy.sin(0)+a-Fy,cos(0)—b-F,, =7
b a

We have now to refer accelerations to an
inertial frame.
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()
E,f Dynamic model of a bicycle

See additional material B
for the derivation

The vehicle absolute velocity can be expressed as

V=VX+V,y :
and differentiating with respect to time we can refer accelerations to an inertial frame
through relations

ay =Vy—rV, aszy—l—er
We can thus express the model in the body-fixed
reference frame as
Fy, cos(8) — Fy, sin (8) + Fy, + MrVy, = MV,
Fy,sin(8) + F, cos (0) + Fy, — MrVy = MV,
a-Fy.sin(0)+a-Fy,cos(0)—b-F,, =7
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Presenter
Presentation Notes
Nell’equazione (2) si passa dalla penultima all’ultima relazione usando le formule di Poisson


_ Dynamic model of a bicycle

The absolute velocity of the vehicle and the
longitudinal and lateral velocities are , .
related through the sideslip angle Fip cos (0) — Fyp sin (0) + Fyp + MrVy = M‘_/x
V, = Vcos (B) V, = Vsin (B) F..sin(0)+F,, cos(0) + F, —MrV, = MV,
and a-Fe.sin(0)+a-Fy,cos(0)—b-F, =L

[y
—_— t v
ﬁ—arcan( x)

As a conseguence, the dynamic model can
be expressed with respect to (¥, Y, )

or (V,B,71).

See additional material C
for the derivation
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Eﬂy Dynamic model of a bicycle

The two forms of the dynamic model are
MV, = Fy, cos (8) — F, sin (8) + Fy, + M7V,
MV, = F,, sin(6) + F,, cos (6) + F,, — M1V,

Li=a-F,sin(8)+a-F,cos(6)—b-F,,

or
MV =Fy, cos(6 —B) — F,sin(6 — B) + Fy, cos (B) + Fy, sin (B)
B= o (Fupsin (8~ B) + o5 (8 — ) + Fy cos (B) — Fugsin (B) — MrV)

Li=a-F,sin(8)+a-F,cos(6)—b-F,,
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_ Dynamic model of a bicycle

We need to include the kinematic states in both models.

The dynamic model already describes the behavior of the vehicle heading or yaw angle
Y, we have to add the x and y positions

x=Vcos(y+p)
y=Vsin(y+p)

Let’s now analyze the dynamic model more in detail...
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E,f Dynamic model of a bicycle

We can introduce some simplifications in the bicycle dynamic model.

We have considered both F,, and F,, they can represent

F!
e atraction force
» a braking force

In mobile robotics braking can be sometimes vA
neglected. VA v
Assuming braking can be neglected and Fup /( 3
: : : - >
the bicycle is rear-wheel drive A\ v
F. =0 F,,
b a

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




E,f Dynamic model of a bicycle

With the previous assumptions we obtain
MV, = —F,.sin(6) + Fy, +MrV,
MV, = Fy,. cos(6) + Fy,, — MrV,
LLi=a-F,,cos(0)—b-F,
or, we the other set of states
MV = —F, sin(8 — B) + Fy, cos (B) + Fy, sin (B)

B = }l% (Fypcos(0 — )+ Fycos(f)—Fysin(f) —MrV)
Li=a-F,cos(0)—b-F,

Further simplifications can be introduced considering that £ is small.
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Actuator and wheel / tire modelling

The two modelling tools we have introduced allow to derive the dynamic model of the
mobile robot up to the traction and steering forces.

In the case of a manipulator inputs are joint torques, they can be used as control
variables, possibly providing a model of the actuators (electric motors at the joint).

In the case of a mobile robot inputs are longitudinal and lateral forces, they cannot be
used as control variables as they are not generated by an actuator but by the interaction
between tires and ground.

We conclude that the dynamic model have to be integrated with a model of the tire-
ground interaction and, possibly, a model of the wheel actuator.
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Tire modelling: tire-ground interaction

Let’s start introducing a model of tires. "1_|—__

We introduce the following assumptions:
* road is an hard and flat surface (a geometric plane)
» tires are perfectly aligned (we neglect camber, caster and toe)

Tires are made from rubber, a material characterized by a
nonlinear elastic structure with small hysteresis.

A portion of tire surface (contact patch or footprint) is in contact with road surface.
Tire deformation at the contact patch generate forces and torques that act on the
vehicle.

We can represent all these forces and torques with a resultant force F and a resultant
moment M.
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Tire modelling: tire-ground interaction

We can identify the following components in these resultants

. . z
* F,, longitudinal force A restoring moment to realign A

. Fy, lateral force the directiqn of travel Yvith the S
direction of heading

Aligning Torque (Mz)

Camber angle

 F,, vertical load or normal force
 M,, overturning moment
* M,, rolling resistance moment

Longitudinal Force (Fx)

Rolling Resistence Moment (My]

 M,, self-aligning torque
Lateral Force (Fv)

o, Slip angle

Mormal Force(Fz)

It is mainly caused by

Wheel Velocity
hysteresis in the tires (visco-

. . . Lateral Rolling Moment (Mx}
elasticity of the material)

Wheel Heading
X
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Tire modelling: tire-ground interaction

A wheel with tire under real operating conditions is usually not in pure rolling.

We thus introduce tire slip indicators saying how tire kinematical quantities are far from
pure rolling conditions.

If 7,Q0 = 0, locked brakes,

For example the theoretical longitudinal slip is defined a gy = 0, sliding without
V.—r.O rotating
X e
O, =
¥ r,€2
For the lateral motion, instead, we introduce the slip angle o
Ve
fV, =0butr,Q #0,0, = tan(cx):——y
— 1, spinning with no motion Ve

We can now characterize the tire behavior introducing a relation
between resultant forces and moments and tire slips.
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Tire modelling: the Magic Formula

6000

We first introduce an empirical tire model.

4000

Assuming that an experimental dataset
Including lateral forces and corresponding
slip angles is available. These curves can be
fit by a mathematical function in order to
define a relation between force and slip.

. . . . . -4000
The classical function used in tire modelling
IS the Pace|ka Magic Formula 6000 S I )

/ y = Dsin {C arctan Bx W slip angle (deg)
E, or E, with respect to ]
; d g shape factor stiffness value

[
=]
=]
=]

]

lateral force Fy (N)

-2000

the corresponding slip
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Tire modelling: the Magic Formula

The Magic Formula is characterized by many
properties. We only observe that:

e curves depend on the vertical load, for this
reason parameter D is usually assumed
proportional to E,

* the slope at the origin
y' (0) = BCD
Is called cornering stiffness and it is
particularly important as it allows to introduce
a linear approximation of the curve
(for low slip values)

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria
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4000

[
=]
=]
=]

lateral force Fy (N)
=]

-2000
-4000

-60C0

slip angle (deg)
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ﬂ A tire model based on the Magic Formula

L™ |

A tire lateral force has been characterized using the
Pacejka Magic Formula

F,
- = 0.3sin (2arctan (Sa — (Se — arctan (50))) )

Z
Determine the cornering stiffness and draw on the

picture the cornering stiffness approximation.

The cornering stiffness referred to the normalized force

F,/F; is given by BCD and it is equal to
0.3-2-5=3Ns/rad ~ 0.052 Ns/deg

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria
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Tire modelling: the brush model

Physical models can be introduced as well to characterize tire behavior.

The simplest physical model is the brush model. Though it is not as good as the Magic
Formula in explaining experimental data, it is particularly interesting as it allows to
understand the fundamental aspects of tire-road interaction.

We model the tire as a belt equipped with
Infinitely many flexible bristles (the thread),
wrapped around a cylindrical rigid body
(the rim), which moves on a flat surface
(the roadway).

-~

-—
adhesion D| 75 sliding

T

See additional material D T
for the derivation
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Tire modelling: the brush model

The longitudinal force is given by
(

2
3st !

| —UF;sign(oy) |0x| > 0x,  Full sliding

2
Cioy | —1+ lf—xl — 2 |0y| < Oy, Full adesion or adhesion/sliding
b= < sl S

where C, is the longitudinal stiffness of the tire, u is the static friction coefficient, F, the
normal load, oy, is the minimum slip value that gives full sliding.

The slip g, Is
* positive, when the vehicle is braking
* negative, when the vehicle is accelerating
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Tire modelling: the brush model

The lateral force is given by a similar expression

(
— ol 22
CaZ ( 1+ 7 3Z§z |Z| < ZsI

| —UFsign (@) |z > zg
where C, Is the cornering stiffness of the tire and z = tan «.
This model is also called Fiala tire model.

F,={

We have computed the longitudinal and lateral forces assuming the tire is having only
lateral, or only longitudinal slip.

In general, we can have both slips at the same time. We must consider that the
maximum tire force is limited by friction (friction circle constraint)

\JF2+F2 < uF,

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




Tire modelling: a comparison between Fiala and Pacejka models

Pacejka model is more 05
complex, but better fits = o
experimental data

Fiala model is simpler, |
but cannot represent -1
the peak

As a consequence...

... Pacejka model is

good for accurate i
simulation & of
... Fiala model is good 05

for model-based control
design

Pacejka
Fiala
S
80 60 40 -20 0 20 40 60 80
C}:D
Pacejka
Fiala —
o

-80 -60 40 -20 0 20 40 60 80
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f Maximum tire force and friction circle constraint

—_—

Consider again the same tire, whose lateral force Is o
characterized by the following Pacejka Magic Formula |

F 0.2F

Fy = 0.3sin (2arctan (5o — (5o — arctan (5¢)))) vos|

Z ::-,

The characterization is based on a laboratory experiment 0.1f
where F, = 0 and only E, is considered. 0.05}
During a curve in a field experiment the tire is characterised 05 - - - s
by a slip angle of 5 deg. Slip angle [deg]

What is the corresponding value of the lateral force F,, assuming F, = 150 N?
What is the maximum longitudinal force F, the tire can generate in these conditions?
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f Maximum tire force and friction circle constraint

—
L™ |

The lateral force is given by

, Sw 5w 51
F, =150-0.3sin (Zarctan (SW — (SW — arctan (SW)))) =131.67N

From the picture It follows that the maximum value of E, /F, is 0.3, and thus u = 0.3.

The maximum force the tire can generate Is 0.3
150-0.3 =45 N. 0.25}
According to the friction circle constraint, the maximum 021
value of the longitudinal force F, is given by L 015

Fx=\/u2FZ2—1«;2:31.97N ‘“'

0.05p

0 L 10 15 20
Slip angle [deg]
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Actuator and wheel modelling

Besides considering the tire-ground interaction, we should also
take into account:

 wheel dynamics
e actuator dynamics

They are however definitely faster with respect to the other A\
considered dynamics, we can thus neglect them.
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Simplified dynamic model of a bicycle

We start again from the bicycle model we have already introduced
May, = Fy, cos (6) — Fy, sin(8) + F,
May, = F,, sin(0) 4 Fy, cos (0) + Fy,
Li=a(F, sin(0)+F, cos(0)) — bF,,
If we assume small values for 8 (cosf = 1, sinf8 = 8) the motion model becomes
MV = Fy, cos(8) — F,, sin(8) + Fy,

MV (B+r) = Fy sin (8) + Fy cos (8) + Fy
Ii = a(Fy,sin(0) 4+ F, cos(0)) — bF,

Assuming also small values for § (cosd = 1, sind = §) we obtain...

See additional material E
for the derivation
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Simplified dynamic model of a bicycle

Assuming also small values for § (cosd = 1, sind = §) we obtain
MV = Fy, +F,

MV (B+r) =Fy +Fy
L7 = aly, —bF,
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Simplified dynamic model of a bicycle

For the lateral forces F, . and F, we assume a linear relation

F)’R = _CocR OR
To compute the tire slip angles we need the expression of the
front and rear wheel velocities
Vip =Vcos(f) =~
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Simplified dynamic model of a bicycle

The slip angles are given by

Vir Vv, VB+ar ar
oF =arctan [ == | -0~ =L —§ = —0 = — —0
F = arc an(pr) .. 7, ﬁ-l—v
Vir Vi, VB —br br
Op = { — | ~ ~ — R -
R arctan (VXR) VxR v v
If we consider V slowly varying, the first equation
MV =F,, + Fy,

can be considered at steady state, and thus neglected.

From the second equation, instead, we obtain

MV (B‘l—”) = —Cqp 0 — Copr0tg = —C (ﬁ.|_% _5) — Cop ( _%
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Simplified dynamic model of a bicycle

From the second equation we thus obtain the sideslip

dynamics
: CaF + CaR bCaR — aCaF CaF
P wv P ( MV? " v
Finally, from the third equation we obtain
b
Izi‘ — _aCaF aF ‘l‘bC(xRaR — _aCaF ([)’ —l_ % — 5) ‘I‘bCaR (B — Vr)

The yaw dynamics is thus
. bCop —aCo; 5 @*Coy +b*Cay , 9Cay

o)
' I, VI, 2
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Simplified dynamic model of a bicycle

Putting all the equations together we obtain
B _ _CaF +C05Rﬁ_|_ (bCaR —aCoy _ 1) 4+ Cﬂg

MV MV?2 MV
2 2
i bCyp —aCaFﬁ a Cop +b°Cqp oy aCoy 5
I, VI, I,

Though we have introduced simplifying assumptions,
assuming small sideslip and small steering angles do not
cause significant errors if we consider

« driving not at the limit of handling
« steering angles up to 45
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Conclusion

Given any mobile robot (ground, underwater/surface, aerial), the dynamic model can be
derived using the Lagrange or the Newton-Euler approach.

The Lagrange approach, though more elegant, is rather complex, but it gives rise to a
general model that allows to introduce a general linearization law.

The Newton-Euler approach is more simple, especially for simple systems like the
unicycle and the bicycle.

The unicycle and bicycle dynamic models allow to represent many different common
vehicles and mobile robots.
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Dynamic model of a mobile robot: computing the derivative of G(q)

Let’s start again from

q=G(q)v
that is equivalent to
m m
41228”((1)"]' C}nzzgnj(Q)Vj
j=1 j=1
differentiating with respect to time we obtain
.y (9815(q), e . .y (98 (q). a .
quZ( aj Q)vj+281j((l)vj %ZZ( gj q Vj‘l'zgnj(Q)vj
J=1 q Jj=1 j=1 q j=1
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Dynamic model of a mobile robot : computing the derivative of G(q)

As a consequence we have

£ B0 [0

G(q)v= . E = a E = - E q
5 (%) || (0250|520

that can be rewritten as
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Dynamic model of a mobile robot: computing the derivative of G(q)

Luca Bascetta -

jzil (Vj Jq )
G(q)v= q=
£ (22

Dipartimento di Elettronica, Informazione e Bioingegneria

Vi

dgi1(q)

aq

agnl (q)

Jaq

+ v

+ V2

dgia(q)

aq

9g.(q)

aq

+ .._I_vmagg?(ll(q)-
q
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Dynamic model of a bicycle: computing the accelerations

The vehicle absolute velocity can be expressed as

V=V i+ V,y 7 |
and differentiating with respect to tim//
. theorem is used

dVv dx dy

= aX+a,j =VX+Vi+Vi— +V,—= = VX +V,j+Fx V
\

dr dr dr
Xy Z rXy
V. V, 0

We can thus refer accelerations to an —zE
Inertial frame through relations

aszx—rVy aszy—l—er
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Presenter
Presentation Notes
Nell’equazione (2) si passa dalla penultima all’ultima relazione usando le formule di Poisson


Dynamic model of a bicycle: writing the model in the (V,B,r) form

From

V=\/V2+V2 = V=VI4+V

differentiating with respect to time

2VV =2V,V, +2V,V, =V =V,cos(B)+V,sin(B)
Substituting the previous equations we obtain

MV = F,, cos(8)cos(B) — Fy, sin(8)cos (B) + Fy, cos (B) + MrVycos (B) +

Fy,. sin(0)sin(f) + Fy, cos (0)sin(f) + Fy, sin () — MrV,sin(f3)

and using the angle sum formulae
MV =F,,.cos(0—B)—F,sin(8 — )+ Fy, cos (B) + Fy, sin () +Mr (Vycos () — Vysin(B))
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Dynamic model of a bicycle: writing the model in the (V,B,r) form

Observing that
Mr(Vycos(B) —Visin(B)) = MrV (sin(f)cos(B) —cos(fB)sin(f)) =0
we conclude
MV =F,,cos(6 —B) — F,sin(6 — B) + Fy, cos (B) + Fy, sin (B)
The equation on sideslip can be derived from its definition

Vy
tan () = v
differentiating with respect to time and considering that g is small
: Vi : — V,si
(1+tan2(ﬁ))ﬁ—v VVV N ﬁ_Vcos(ﬁ)VVsm(ﬁ)
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Presentation Notes
Nella (4) il membro di sinistra è (Vx^2+Vy^2)/Vx^2=V^2/Vx^2


()
Dynamic model of a bicycle: writing the model in the (V,B,r) form

Substituting the equations on velocities we obtain
B = Z\% (Fypsin(0)cos(f) + Fy, cos(0)cos(f) + Fy, cos () —MrVicos (P)
—F,cos(0)sin(f)+ Fy, sin(0)sin(f) — Fy, sin () —MrVysin(f))
and using the angle sum formulae
: 1
P =1 (Fpsin(0—P)+Fycos(0— )+ Fyz cos () — Fysin () — Mr(Vxcos (B) + Vysin()))
Observing that
Vicos(B)+Vsin(B) = Vcos® (B) +Vsin* (B) =V
we conclude

ﬁ = ]\% (Fypsin(0 — )+ F,cos(0 — )+ Fcos(f) — Fesin(f) —MrV)
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Presentation Notes
Dall’ultima equazione della slide precedente sostituendo i bilanci di forze


Tire modelling: brush model derivation

Let’s introduce two fundamental velocities
» V. longitudinal velocity of the tire

V., velocity of the wheel body at the
carcass border relative to the road
Road Slide

whose ratio represents the practical ‘ 1
longitudinal wheel sleep -a w0 ‘
st Vx o -Q-re 1

Adhesion

In a similar way we can define the practical ] L

tire slip angle
o = arctan (ﬂ) T T 3 -
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Tire modelling: brush model derivation

Let’s try to compute the force that deforms
the bristles.

We consider a rectangular contact patch of
length 2a.

In the adhesion region, the position of the i-
th brush upper point (attached to the
carcass) is given by

t
Xej = a—/ Qr,dt
0

and the brush lower point in contact with
ground

,
Xpi=a —/ V. dt
0
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First contact with
groundatx = a

Adhesion \

Brush deforms due to

adhesive friction force
applied by the ground
surface to the brush tip

Brush in

undeformed state
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Tire modelling: brush model derivation

The deformation of the i-th brush is given by
! !
O = Xpj — Xpj = f (Vx — Q.I’e) dr = / Vi dt
0 0

Due to the short period brushes are in
contact with ground, we can assume
constant velocity

0 = ag::a Ve = (a—x¢) L Q::re
Let’s observe that there is a relation
between theoretical and practical
longitudinal slip

= (a — X.;) Oy
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Tire modelling: brush model derivation

Finally, assuming rubber has linear stiffness
the force required to deform a brush is
Fyi = ko

but this force is limited by the maximum
force available at the brush tip due to static Road Slide
friction |

inmax = JUF‘Z; 3
at which corresponds a maximum
deformation

Adhesion

Wk, 1
Oty = kz
After reaching the maximum deformation 1 S R Y HEY
brush start sliding. ,
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Tire modelling: brush model derivation

We assume that static and kinetic (sliding)
friction coefficients are equal, the force
acting on brushes during sliding is thus uF,;.

We can have three different situations:

« adhesion in the entire contact patch e —
* Dboth sliding and adhesion

e entire tire surface slides against ground

Adhesion

If we have both sliding and adhesion, the Sliding starts at

sliding starts at (6; = 6; ) T X = Xg
Wk, UF, | L
O-x (a o xCis) — kz = xCiS —da— O-x-]z( ,
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Tire modelling: brush model derivation

We now integrate over the all contact patch Side View
to determine the overall force.

We introduce a parabolic distribution for the
normal force per unit of length

x2 Road Slide | Adhesion
_ c | - ;
QZ(xC) = 4m (l_a_z) —a X 0 a

and the normal force is given by

F; = gz (xc) dx, T o )
Integrating the pressure distribution along |
the patch 3
+a +a xg 4 RS N I I
F, = CIz(xc)dXCZQM/ (1__2) dx. = zaqm 1 o o )
—a —d a 3 y 3
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Tire modelling: brush model derivation

From the previous integral we obtain

3F;

W=7

The pressure distribution is thus

3F; xZ |
qu (xc ) — 4_‘:: (1 - a_g) Road Slide 1 Adhesion

Adding the force during adhesion to the
force during sliding we obtain the total
longitudinal force

Xs

a 3
F. = — gy (x¢) dx. | / CpOx (a—x.)dx, 1 bsyl‘

—d

where ¢; qjiding force 'dI" adhesion force Mt Y S Y S

length (k = c¢,ux,).

Luca Bascetta - Dipartimento di Elettronica, Informazione e Bioingegneria POLITECNICO MILANO 1863




Tire modelling: brush model derivation

Solving the integral we obtain ! | N
3UF; N = Ny
F - - ( 4a xS —|_ 2 o 4a3 xS EE"U.S- ....................... ......................... .................. \\? ....................... _
- : 1 : '\
— Cpax? _I_Cpo-x? - CpO'xa.xS 50_6_ ......................................................................... 5__‘\_\ ___________________ _
We compute the breakaway point x; from g |
CpGx (a _xs) _ uqz (xs) Eo_d_ .......... I .................................................................... \ ............ -
. . S ! 2
That gives rise to = |
4C Ga3 4C Ga4 Eo_z_ .......... : .......................................................................... i
3 UF 3 UFE / /. . |
. . . . 0 '
The first solution x; = a is not acceptable, it -1 % T e pgtch am % 1

means the tire is fully sliding.
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Tire modelling: brush model derivation

The only acceptable solution is ' RN
4 c,00a° _ .
Xs =3~ —4a £ 5 i VR T ]
3 H}rz 50‘8_ ................................. 1 ................................ \\
Finally, introducing this relation into the ny
. . . = oy
Solutlon Of the Integral we Obtaln 50.5— ......................................................................... ‘\ ................... i
2 2 2 3 E \\
_ 2 4 (cpa’oy) 8 (cpa’oy) E \
F = _cha Ox + 35 - 7 B At /) N |
3 qu 27 (H’F'Z) Y - ' \
S ! 2
Some remarks: L |
. Arélgo_z_..... A S R S S S S s A S W -
« at low slip values the force-slip relation is @ |
almost linear Y4 | .
; : : s A £]1 | -0.5 0 0.5 1
o If the tire is fully sliding E, = uF, X 7 Contactpatch (am)
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Tire modelling: brush model derivation

Recall the relation we use to compute x; ' RN
CpOx (a—x5) = g, (xs) = \\\ 3
|f Sllp |ncreases the magnltude Of the Slope %0'8_ ....................... U 1 ............. SRR \\ ....................... i
c,0, iNncreases. S
When tire starts sliding the line is tangent to goﬁ_ _________________________________________________________________________ 5_‘_‘; ___________________ |
the parabola in x = a, and the magnitude of E
the slope is LY oS/ NS SOOI SN o ]
d 3 UF, S .
00 = g Wz (50 = 57020 s LT N |
We thus conclude that the minimum slip © i
value that gives full sliding is given by ; /) | ;
— 3 uFZ - Xs w02 Contact pgtch (am) - '
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Tire modelling: brush model derivation

In conclusion, the longitudinal force is given
by

O o
F, = Cy Oy (—1 + lo] 362 ) |O'x| < Oy,

Oxs1 Xsl

—[,LFZSIgIl (Gx) | Gx | Z stl Road Slide

Adhesion

|
where C, = 2c,a” is the longitudinal stiffness - w0 i
of the tire. |

The slip g, IS |
« positive, when the vehicle is braking 1 L
* negative, when the vehicle is accelerating BRSNS AN
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Tire modelling: brush model derivation

Using the same procedure we can compute the lateral force

(
— ol 22
CaZ ( 1+ 7 3Z§z |Z| < ZsI

| —UFsign (@) |z > zg
where C, = Zpraz IS the cornering stiffness of the tire and z = tan a.

F,={

This model is also called Fiala tire model.
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Deriving the simplified dynamic model of a bicycle

We start again from the bicycle model we have already introduced
May, = Fy, cos (6) — Fy, sin(8) + F,
May, = F,, sin(0) 4 Fy, cos (0) + Fy,
Li=a(F, sin(0)+F, cos(0)) — bF,,
where .
ax=Vy—rVy=Vcos(B)—-V (ﬁ + r) sin (B)
ay=Vy,—rVy=Vsin(f)+V (ﬁ +r) cos (B)
and if we assume small values for 8 (cosf = 1, sin8 = [5)
ax:V—V(B—H’)ﬁﬁV

aszﬁ—l—V(ﬁ—l—r) %V(B—I—r)
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